GAUGINGS AND OTHER SUPERGRAVITY 
TOOLS of J9-BRANE PHYSICS 



PIETRO FRE' 

Dipartimento di Fisica Teorica, Universita di Torino, 
Via P. Giuria 1, 1-10125 TORINO, Italy 

Lectures at the School Recent Advances in M— theory 

supported by EEC under RTN Contract HPRN-CT-2000-00131 
Paris, 1-8 Feb. 2001, IHP 

February 1, 2008 



Contents 



Contents 



1 Domain walls and the brane bestiary 



1.1 Introduction 



1.2 General aspects of supergravity p-branes 



1.3 The near brane geometry, the dual frame and the DW/CFT correspondence 



1.4 Domain walls in diverse space time dimensions 



1.4.1 The Randall Sundrum mechanism 



1.4.2 The conformal gauge for domain walls 



1.5 Conclusion of this first bestiary 



2 Supergravity bestiary and the diverse dimensions of superstring theory 



2.1 Introduction 



2.2 Supergravity and homogeneous scalar manifolds G/H 



2.3 Maximal supergravities in diverse dimensions and their scalar manifolds 



2.2.1 How to determine the scalar cosets G/H from supersymmetry 



2.2.2 The scalar cosets of — 4 supergraviticij 



2.4 Duality symmetries in even dimensions 



2.5 



The kinetic matrix J\f and symplcctic embedding; 
Symplectic embeddings in gener'aj 



2.5.1 



2.5.2 Symplectic embedding of the ST [m, n] homogeneous manifolds 



^.6 Supergravities in five dimension and more scalar geometries 
2.6.1 Very special geometry 



2.6.2 The very special geometry of the S0(1, 1) x S0(1, n)/SO(n) manifold 



2.6.3 Quaternionic Geometry 

2.6.4 A/" = 2, £) = 5 supergravity before gauging] 



3 Supergravity Gaugings 



3.1 Gaugings and Vacua 



3.2 General aspects of supergravity gaugings and susy breaking 



3.2.1 Supersymmetry breaking in conventional vacua 



3.2.2 Gaugings and fermion shifts 



Gaugings of TV" — 8 Supergravity in _D — 4 



3.3.1 The bosonic action 



3.3.2 Supersymmetry transformation rules of the Fermi field! 



3.3.3 The gauged Maurer Cartan equations and the fermion shifti 



3.3.4 Algebraic characterization of the gauge group embedding G 



3.3.5 Classification of gauge algebras 



aa-uge 



SL(8, 



3 

3 
4 
6 

10 
13 
13 
16 

17 

17 
17 
19 
20 
21 
23 
30 
32 
34 
38 
42 
44 
45 
49 

50 

50 
50 
50 
53 
54 
54 
57 
59 
62 
65 



Contents 



3.3.6 The CSO(p, g, r) algebras 



|3.4 Gauged supergravities in five dimensions and domain walls 



3.4.1 The Moment Map| 



3.4.2 Af — 2 gaugings and the composite connections 



3.4.3 The Fermion shifts and gravitino mass-matrix 



3.4.4 The scalar potential, supersymmetry breaking and domain walls 



3.4.5 Comparison with the J\f ~ 8 gaugings 



^.5 On the quest for supersymmetric brane worlds 



4 Solvable Lie Algebras in supergravity and superstrings 



4.1 Introduction: gaugings versus BPS black hole classification 



4.2 Solvable Lie algebras: NS and RR scalar fields 



4.3 Non compact cosets and solvable Lie algebras: the general setup 



4.4 Counting of massless modes in the type IIA supcrstring 



4.5 Er+i subalgebra chains and their string interpretation 



4.5.1 



Dynkin diagrams of the Er+ic.+i) 
ated solvable algebra^ 



root spaces and structure of the associ- 



66 
69 
70 
75 
78 
79 
81 
83 

85 

85 
86 
87 
89 
90 

91 



String theory interpretation of the sequential embeddings: Type IIA, type| 
IIB and M theory chain^ 93 



4.5.2 



4.5.3 The maximal abelian ideals Ar+i C Solvr+i of the solvable Lie algebra 



4.5.4 Roots and Weights and the fundamental representation of E 
.6 Completing the type IIA versus type IIB algebraic correspondence 



nr. 



4.6.1 S X T duality made precise 



4.7 Concluding Remarks 



A Conventions 



A.l Listing of the conventions 



A. 1.1 Space-time signature 
A. 1.2 Gamma matrix algebra] 
A. 1.3 Index conventions 



A. 1.4 Notations for special and very spec i al geometry 



A. 1.5 Notations for quaternionic geometry 



A. 1.6 Conventions in differential geometry and General Relativity 



References 



95 
97 
102 
105 
107 

112 

112 
112 
112 
113 
114 
115 
115 

117 



Chapter 1 



Domain walls and the brane bestiary 



1.1 Introduction 

I can best assess the purpose and the scope of this lecture series starting with a summary of the 
second string revolution's moral ||l|, |^ as I presently perceive it: 

(i) There is just one non perturbative ten dimensional string theory that can also be identified 
as the mysterious M— theory having D = 11 supergravity as its low energy limit. 

(ii) All p— branes, whether electric or magnetic, whether coupled to Neveu Schwarz or to Ra- 
mond p + 1-forms encode noteworthy aspects of the unique M-theory. 

(iii) Microscopically the p-brane degrees of freedom are described by a suitable gauge theory 
QT p^i living on the p + 1 dimensional world volume WVp+i that can be either conformal 
or not. 

(iv) Macroscopically each p-brane is a generalized soliton in the following sense. It is a classical 
solution of D = 10 or Z? = 11 supergravity interpolating between two asymptotic geometries 
that with some abuse of language we respectively name the the geometry at infinity geo°° 
and the the near horizon geometry geo^ . The latter which only occasionally corresponds to 
a true event horizon is instead universally characterized by the following property. It can 
be interpreted as a solution of some suitable p + 2 dimensional supergravity SQp^2 times an 
appropriate internal space f2£i_p_2- 

(v) Because of the statement above, all space-time dimensions 11 > Z? > 3 are relevant and su- 
pergravities in these diverse dimensions describe various perturbative and non-perturbative 
aspects of superstring theory. In particular we have a most intriguing gauge/ gravity corre- 
spondence implying that classical supergravity SQp+2 expanded around the vacuum solution 
geo^ is dual to the quantum gauge theory QTp^i in one lower dimension. 

In this general framework I will focus on the following issue that appears to be of great interest 
at the present time. The gauge/ gravity correspondence, by now largely tested at the level of the 
AdS/CFT 1^ duality, is presently under consideration in more general non conformal sce- 



narios provided by the superstring world. One is the case of fractional branes |£2, 23 1, the other is 
the issue of the DW/QFT correspondence between supergravity on domain wall space-times and 
quantum field theories living on the boundary wall of such space times. As a conspicuous aspect of 
such geometries appears the phenomenon of gravity trapping, suggested by Randall and Sundrum 
[ p8| , |39|| that can provide a phenomenologically very interesting alternative to compactification. 
This has initialized a world wide and so far unconclusive search for a proper embedding of this 
scenario within a well founded supersymmetric theory |2|, |2^, ^ |l, 105| , 101 1. Furthermore 
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it has been clarified that the various domain wall geometries are the appropriate description of 
the near horizon or near brane regime of all p and Dp-hraues of string theory. The central 
unresolved question in all these interlaced issues where the domain wall appears is the systematic 
identification of the appropriate p + 2 dimensional supergravity theory that accommodates the 
wall as a classical solution. Clearly such a theory plays a fundamental role in the description of 
the DW/QFT correspondence as the maximally compact gauged supergravities have played in 
the AdS/CFT duality 

Hence after a survey of the supergravity p-branes and of their limiting case, the classical 
domain walls, I will devote the next two chapters to a systematic of supergravity gaugings. My 
main concern will be that of illustrating the geometric structures of supergravity, their meaning 
in relation with the parent string theory and their use in the gauging procedures. 



1.2 General aspects of supergravity p— branes 



Supergravity p-branes can be obtained as classical solutions of actions of the following form 



A. 



[D] 



p-brane — I ^ V 5 



2R[g] + 19^09^0+ y£^e--^|F[P+2l|2 



p—brane 



= Jd^x^ 2R[g] + ^d^ 



2(D-p-2)! 



elec. 

magn. 

(1.2.1) 



where in both cases 

i^N ^ is the field strength of an n — 1-form gauge potential and 

a is some real number whose profound meaning will become clear in my later discussion of 
the solutions. As the reader can notice the two formulae I have written for the p-brane action 
are actually the same formula since ^p^'fj^ane ^'^^ ^^^brane mapped into each other by the 
replacement: 



p = D — A — p ; p = D ^ A ^ p 



(1.2.2) 



The reason why I doubled my writing is that the essentially unique action ( |1.2.1| ) admits two 
classical solutions each of which is interpreted as describing a p-extended and a p-extended object 
respectively. The first solution is driven by an electric F^^'+^l form, while the second is driven 
by a magnetic F^^^^'+^l form. The role of electric and magnetic solutions of the action a''^' 

are interchanged as solutions of the dual action j^-'Jfj^^^ne ^'^^ various values of 



p—brane 



n = p + 2 and 



(1.2.3) 



the functional ^p'^^'b^ane (*-"^ dual) corresponds to a consistent truncation of some supergravity 
bosonic action S^'^^^ in dimension D. This is the reason why the classical configurations I 
am going to describe are generically named supergravity p-branes. Given that supergravity is 
the low energy limit of superstring theory supergravity p-branes are also solutions of superstring 
theory. They can be approximate or exact solutions depending whether they do or do not receive 
quantum corrections. The second case is clearly the most interesting one and occurs, in particular, 
when the supergravity p-brane is a BPS-siaie that preserves some amount of supersymmetry. 
This implies that it is part of a short supersymmetry multiplet and for this reason cannot be 
renormalized. By consistent truncation we mean that a subset of the bosonic fields have been 
put equal to zero but in such a way that all solutions of the truncated action are also solutions 
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of the complete one. For instance if we choose: 

a = 1 



(1.2.4) 



eq.(1.2.1) corresponds to the bosonic low energy action of 13 = 10 hcterotic superstring {J\f = 1, 



supergravity) where the EgxEg gauge fields have been deleted. The two choices 3 or 7 in eq.(1.2.4) 
correspond to the two formulations (electric/magnetic) of the theory. Other choices correspond to 
truncations of the type IIA or type IIB action in the various intermediate dimensions 4 < D < 10. 
Since the n — 1-form ^[""^1 couples to the world volume of an extended object of dimension: 



P 



(1.2.5) 



namely a p-brane, the choice of the truncated action (1.2.1) is precisely motivated by the search 
for p-brane solutions of supergravity. According with the interpretation (1.2.5) we set: 



n=p + 2 



p + l 



D 



P 



(1.2.6) 



where d is the world-volume dimension of an electrically charged elementary p-brane solution, 
while d is the world-volume dimension of a magnetically charged solitonic p-brane with p = 
D — p — A. The distinction between elementary and solitonic is the following. In the elementary 
case the field configuration we shall discuss is a true vacuum solution of the field equations 
following from the action (1.2.1) everywhere in Z3-dimensional space-time except for a singular 
locus of dimension d. This locus can be interpreted as the location of an elementary p-brane 
source that is coupled to supergravity via an electric charge spread over its own world volume. 
In the solitonic case, the field configuration I shall consider is instead a bona-fide solution of 
the supergravity field equations everywhere in space-time without the need to postulate external 
elementary sources. The field energy is however concentrated around a locus of dimension p. 
These solutions have been derived and discussed thoroughly in the literature Good reviews 
of such results are §. Defining: 

n dd , ^ 

(1.2.7) 



£1-2 



it was shown in that the action (1.2.1) admits the following elementary p-brane solution 



ds^ = H{y) ^(^-2) dx^ (g) dx" -q^y - H[y) dy"" (g) dy" S„ 

2 



(-) 



'^fj.i...fj.p+ 



^dx^'' A ... A dx''''+' A d [H{y)-^] 



'A 

e-^W = H{y)-^ 

where the coordinates X^^ [M = 0, 1 . . . , D — 1) have been split into two subsets: 

• x'', (/i = 0, . . . ,p) are the coordinates on the p-brane world-volume, 

• y™, (m = _D — d + 1, . . . , £*) are the coordinates transverse to the brane 

and 



(1.2. 



H{y) = 1 + -= 



(1.2.9) 



is a harmonic function -^^-^^H{y) = in the transverse space to the brane-world volume. By 
r = y/y"^ym we have denoted the radial distance from the brane and by k the value of its electric 
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show that that the action (1.2.1) admits also the following 



charge. The same authors of 
solitonic p-brane solution: 



ds^ ^ H{y) da;^ (g) dx" r]f,^ - H{y) rfy™ (g) dy" 6mn 

^ - AeMi...Aijp«-i /\ . . . /\ ax ^^_|_2 

e'^W=7J(y)* (1.2.10) 
where the D — p — 2-form jg |-j^g (j^^i of F^^+^l , fc is now the magnetic charge and: 

dk 



A = -2 



(1.2.11) 



The identification ( 1.2.11 ) of the constant A allows to write the expression of the form fI^-p-^I 
in the solitonic solution in the following more compact and inspiring way: 



plD-p-2] 



* dH{y) 



(1.2.12) 



These p-brane configurations are solutions of the second order field equations obtained by varying 



the action (1.2.1). However, when (1.2.1) is the truncation of a supergravity action it generically 
happens that both ( |1.2.8D and ( |1.2.10| ) are also the solutions of a first order differential system 



of equations ensuring that they ar e BPS -extremal p-branes preserving a fraction of the original 
supersymmetries. The parameter ( 1.2.7 ) plays a particularly important role as an intrinsic char- 
acterization of the brane solutions since it has the very important property of being invariant 
under toroidal compactifications. When we step down in dimensions compactifying on a T^ torus 
each p-brane solution of the D-dimensional supergravity ends up in a p' brane of the D — x super- 
gravity that has the same value of A its parent brane had in higher dimension. It also happens 
that all elementary BPS branes of string or M~theory as the various Dp-branes of the type 11 
A or type II B theory, the M2 and M5 branes, the Neveu Schwarz 5-brane and the elementary 
type 11 or heterotic strings are characterized by the property that A = 4. Namely we have: 



A = 4 <4> elementary p-brane in D = 10 or toroidal reduction thereof 



(1.2.13) 



1.3 The near brane geometry, the dual frame and the DW/CFT corre- 
spondence 

As I briefly recalled in the introduction the most exciting new development of the last three 
years has been, for the string theory community the discovery of the AdS/CFT correspondence 
H H], between the superconformal quantum field theory describing the microscopic degrees 
of freedom of certain p-branes and classical supergravity compactified on AdSp+2 x X^~^~'^. 
The origin of this correspondence is two-fold. On one side we have the algebraic truth that the 
AdSp4-2 isometry group, namely S0(2, p -I- 1) is also the conformal group in p-\- 1 dimensions and, 
as firstly noticed by the authors of [Q, this extends also to the corresponding supersymmetric 
extensions appropriate to the field theories leaving on the relevant brane volumes. On the other 
hand we have the special behaviour of those p-branes that are characterized by the conditions: 

A = 4 ; a = ^ = 2 (1.3.14) 

D-2 ^ ' 



The near brane geometry, the dual frame and the DW/CFT correspondence 7 



In this case the p-brane metric takes the form: 



(1.3.15) 



where the flat metric d™ ^dy"^ in the D —p—1 dimensions has been written in polar coordinates 
using the metric ds'^o-p-2 on an S^"^^^ sphere and where the harmonic function is 



(1.3.16) 



H{r) = 1 + ^ 



For large r —^ 00 the metric ( 1.3.15 ) is asymptotically flat, but for small values of the radial 
distance from the brane r 1— > the metric becomes a direct product metric: 



ds 



2 r^p 



dr^ 



dsjj = {k)-— r— dxf" (g) dx" ri^^ + [k)— — + [k)— ds%o-p-2 (1.3.17) 



AdSp+2 metric 



We will see shortly from now why the underbraced metric is indeed that of an anti de Sitter 
space. To this effect it suffices to set: 



r = (fc)'^/2(^-2) 



exp 



-{k) 



-d/2(D-2) _ 



(1.3.18) 



and in the new variable r the underbraced metric of eq.(1.3.17) becomes identical to the metric 
( [1.4.43| ) with 



A = (fc)-'^/2(^-2) 



As we show in next section the metric (1.4.43) is indeed the AdS metric in horospherical coor- 
dinates. Hence the near brane geometry of the special p-branes satisfying condition (1.3.14) is 
AdSp+2 X S^~''~^ and this is the very origin of the AdS/CFT correspondence. As it was shown 
in p] this mechanism can be extended to the case where the sphere metric is replaced by the 
metric of other coset manifolds G/H of the same dimensions D — p — 2 or even more generi- 
cally by the metric of some Einstein space X^~p~^. This leads to the study of many more non 
trivial examples of AdS/CFT correspondence, typically characterized by a reduced non maximal 
supersymmetry. 0, |ll|, |l|, |ll, |l|, |ll, |ll, 0, |ll, H]. 

The relevant point of the AdS/CFT correspondence for the scope of the present set of lectures 
is the following: 

Statement 1.3.1. In all cases ofa = 0, A = 4j< — branes the low dimensional supergravity that 
one obtains by compactifying the original Z?-dimensional supergravity on the compact X^^p^^ 
manifold is a gauged supergravity SGp'i^2 in p + 2 space time dimensions that admits AdSp+2 
as an exact solution. Furthermore the isometry group Giso of X^^^^^ is the gauge group 
of SGp°^2 s-nd reappears in the dual conformal field theory as a global i?-symmetry or flavor 
symmetry. 

This shows the connection between supergravity gaugings and the physics of superstring p- 
branes. Since X^~p~'^ is by definition a compact manifold it follows that also its isometry group 
is compact and that in the context of the AdS/CFT correspondence one is lead to consider 
compact gaugings. These do not exhaust the set of supergravity gaugings. On the contrary as I 
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explain in chapter || there is a wealth of non-compact and also of non-semisimple gaugings that 
wait for interpretation in the context of superstring theory. This is quite a good match since also 
the branes satisfying condition ( |1.3.14 ) are far from exhausting the list of p-branes. 



The condition (1.3.14) that leads to the wealth of interesting results summarized above is 
the statement that the driving p + 2-form F^p^^^ does not couple to the dilaton field (j) which 
effectively drops out of the game. This is the condition of conformal invariance and not too 
surprisingly the AdS/CFT correspondence is a correspondence between certain compact gauged 
supergravities and certain conformal field theories. For all other p-branes a 7^ and we have a 
non trivial dilaton coupling. This forbids conformal invariance and excludes a priori an AdS/CFT 
correspondence. Yet in a seminal and challenging paper Boonstra, Skenderis and Townsend 
have proposed the following generalization. 

Statement 1.3.2. In all a ^ 0, A = 4 p-branes, the low dimensional supergravity that one obtains 
by compactifying the original D-dimensional supergravity on the an gpj^gj-g or other 

compact manifold X^~''p~'^ forming the base of the cone transverse to the brane is a gauged 
supergravity SGp°^2 in p + 2 space time dimensions that admits an appropriate domain wall 

DW^_^2 as an exact solution. (A is a parameter labeling the type of domain wall). The isometry 
group Giso of X^~P~'^ is part of the gauge group of The p + 1-dimensional boundary 

9DW^ of the domain wall space-time supports a quantum (non-conformal) field theory that is 
dual to the Z?-dimensional supergravity compactified on DW^2 Q X^^p^^ . 

The above statement is a challenging conjecture that has so far received many less checks than 
its conformal sister, yet there are a lot of convincing hints that it should be right. Indeed it is 
just a particularly circumstantial way of formulating the general principle of the gauge/gravity 
correspondence which is nowadays supported by the non trivial checks provided by fractional 
D-branes |2^, Domain wall space-times DW^2 '^i^ be described in the next section. 
They are essentially the limiting case of a p-brane when p = D — 2. From another view point, 
as I explain in some detail in the next section, they are the natural generalization of an anti 
de Sitter space-time AdSp+2 since they are locally isometric to AdSp+2- Globally DW^2 
generically different from AdSp-i-2 since they describe two regions of an AdSp^2 space separated 
by a thin p + I dimensional wall that is the location of a curvature singularity. Furthermore the 
essential point is that in DW^2 solutions of the gauged supergravity action there is a dynamical 
non constant dilaton. Finally the notation DW^2Q recalls the fact that the direct 

product of the DW^2 space-time with the compact space X^~p~'^ is not a solution of higher 
dimensional supergravity but a metric involving these two factors modulated by suitable warp 
factors is. 

What is the main basis for this bold conjecture? It comes from an observation made by the 
authors of |^ that although in the Einstein frame the metric of p-brane with a =/= does not 
factorize in the limit r — > as the conformal branes do, yet one can always define a different 
frame, the dual frame where this desired factorization occurs apart from an overall warp factor. 

To this effect it is convenient to recall the general formula for the Weyl transformation of 
the Einstein term in _D-dimensions. Consider the lagrangian density 

j 2R[g]y/^d^x (1.3.20) 

where R[g] denotes the curvature scalar and g the determinant of the metric and set the trans- 
formation: 

gf,^ = exp[2a (/)] g (1.3.21) 
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where a is a constant, a scalar field and g^^, a new metric. In my conventions, after a partial 
integration one finds: 

J 2R[g]y/^d"x = J exp[{D-2)a(t)] {2R\g\ - {D - I) {D ^ 2) d^'cjid^ct)) ./^ (f x 

(1.3.22) 



Let us now apply this general formula to the p-brane action (1.2.1) and to its solutions (1.2.8) 



or (1.2.1C). We introduce two new metrics defined by a Weyl transformation and respectively 



named the string metric and the dual metric: 

5^.^^=5t*""^^ exp[A,0] (1.3.23) 
5l5=5i,t""'^ exp[A,0] (1.3.24) 

where the parameters As and A^ are determined by the following conditions. Considering the 
transformation of the Einstein and p + 2-form terms 



j R[g] ^ exp [(f - R\g] + dcj) terms 

exp[-a0]|F[P+2l|27^K^ cxp[-a+ X {§ - D + p + 2) ^] \F^P+^^\^y^ (1.3.25) 



we determine the string frame by requiring that after the transformation the exponential of the 
dilaton field should not stand in front of the [i^I^+^lp term. The dual frame is instead fixed by 
the request that after the transformation the Einstein R[g] term and the [F^^'+^lp should have 
the same power of the dilaton e"^ in front. With such a definition we immediately get: 

A. = - „ , ; A, = - " (1.3.26) 

D — 2p — 4 D — p — 6 

Choosing for definiteness the supcrstring critical dimension 13 = 10 and the case of magnetic 
p-branes, namely A = 4 we can immediately write down the corresponding metric in the dual 
frame: 

dsluai = [H{r)y^^ dx" (E) dx" rj^^ + [i?(r)]^ {dr^ + r^ds^s-^) 
H[r)^l + ^^ (1.3.27) 

Now it happens that for r ^ 0, independently from the value of p the dual metric has a near 
brane factorized geometry. Indeed in this limit we find: 

dsluai - {ky^ r^'-P dx^' ® dx" 7/^, + (k)— — + {k)~ ds^s-p (1.3.28) 



AdS-metric 

The underbraced metric is a locally an anti de Sitter metric by the same token as the underbraced 
metric of cq.( [l.3.1^ ). So for allp the dual frame metric factorizes in the near brane regime into the 
product of an anti de Sitter metric times the metric of an S^^^ sphere or other 8 — p-dimensional 
compact space. There is just one noteworthy exception: that of the Neveu Schwarz five-brane. 
In this case due to the exact cancelling of the r powers the factorization is even simpler. We get 
a flat R(^'^) Minkowski space times a three sphere S^. This is related to the exact conformal 
description of the Neveu Schwarz five-brane in terms of the conformal field theory of an SU{2) 
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Wess Zumino model times a Feigin Fuchs scalar plus the free conformal field theory of 6 flat 
coordinates p6[ . 

This near brane factorization suggests that we can perform a compactification of the dual 
frame lagrangian on the internal compact manifold 5*^^"^-' or X'^^^p^ obtaining an action in p + 2 
dimensions that we can subsequently reduce to the Einstein frame. In the first step, namely in the 
compactification, what we do is the ordinary Kaluza-Klein reduction of a scalar-Einstein theory 
where the background value of the F^^~p'^ form is simply identified with the volume form of the 
internal manifold. In the second step we simply apply the Weyl rule transformation ( 1.3.22 ) in 
the reversed direction. 



The result of these operations is an action of the same form as the action (1.4.34) that we 
consider in the next section with the following specific values of the constants [pO|: 



2(p-3) 



4(p-3) 

A = i(9 -p){7 -p) {k)p(p--'Wp~3) 



(1.3.29) 



As we explain in the next section the action ( 1.4.34 ) is that appropriate to discuss domain wall 
solutions, namely D — 2-branes. Hence it follows that when we go to the near brane region, 
the geometry of a non conformal p-brane is well approximated by a domain wall solution of 
some suitable supergravity theory of which the action (1.4.34) must be a consistent truncation. 
The fundamental question for which we do not have a general ansatz yet is the following: of 
which gauged supergravity the action (1.4.34) with parameters (1.3.29 is a truncation? One 
thing is certain: the gauge group must contain the isometry group of X^^^p^. The authors of [ pO[ 
have made a conjecture that I entirely subscribe: it should be some non-compact, possibly non 
semisimple gauging. In one case they could even make a prediction. Take the _D2-brane of type 
IIA theory. In that case p + 2 = 4 so that the candidate supergravity is a four-dimensional one 
and, since we do not break any supersymmetry, it is also Af — 8. Hence our sought for theory 
must be one of the Af = 8 gaugings that I describe in section |3.3| . The list is finite and presented 
in table |3.2| . Since the gauge group must contain the compact subgroup SO (7) (the isometry 
group of S^) it follows that there is a unique possibility, namely the theory CS0(7, 1) = IS0(7) 
obtained by gauging the Euclidean group in 7 dimensions. Whether this conjecture is true or 
not, so far has not been verified but stands as a challenging proposal. 

In view of the above discussion I turn, in the next section to a survey of the notion of domain 
walls. The study of supergravity gaugings presented in the next two chapters is mostly motivated 
by the quest for domain wall solutions, their relation with higher dimensional superstring p-branes 
and the testing of the gauge/gravity correspondence in non conformal regimes. 



1.4 Domain walls in diverse space— time dimensions 



The generic coupling of a single scalar field to Einstein gravity is described, in space-time dimen- 
sions D by the following action 



A 



[D] 

grav-}-scal 



2R[g] + ^d'^cl>d^cj,-V{^) 



(1.4.30) 



where V{(f>) is the scalar potential. If for this latter we choose the very particular form: 

V(0)-2Ae-«* ; {°^^^^ (1-4.31) 
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then we have a Umiting case of the general p-brane action (1.2.1) we have considered above. 
Indeed if in the general formulae ( 1.2.6| ) we put 



p = D-2 => d=-l 



d = D-l 



(1.4.32) 



we obtain that the electric D — 2-brane couples to a field strength which is a top D-form , 
while the magnetic solitonic brane couples to a 0-form F^*^\ namely to a cosmological constant. 
Indeed, we can formally set: 



plD] _ Volume form on space-time 



(1.4.33) 



and the action (1.4.3C) with the potential (1.4.31) is reduced to the general form for an electric 
D — 2-brane (1.2.1). That should be constant and hence could be identified as in eq. (1.4.33) 
follows from the Bianchi identity that it is supposed to satisfy dF^^"^ = 0. 
Hence we can conclude that the action: 



^D-Waii — / « a; V 9 



2R[g] + -d^, 



(1.4.34) 



admits a distinguished class of solutions describing D — 2-branes that we name domain walls 
since at each instant of time a brane of this type separates the space manifold into two adjacent 
non overlapping regions. 

Specializing the general formulae ( 1.2.8| ) and (1.2.9) to our particular case we obtain the 
domain wall solution of (1.4.34) in the following form: 



dsjjw = i7(y)^" {dx'' (g, dx-^f]^,) + H(y) 

2a 

H{y)^c± Qy 
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dy^ 



(1.4.35) 

(1.4.36) 
(1.4.37) 



where y is the single coordinate transverse to the wall, c is an arbitrary integration constant and 
the other parameters appearing in the above formulae have the following values: 



A{D-2) 



/3-2 



D- 1 
A{D-2) 



Q = VAA 



in terms of A whose expression (1.2.7) becomes: 



D 



D-2 



(1.4.38) 



(1.4.39) 



The form ( 1.4.37 ) of the function H is easy to understand because in one-dimension a harmonic 
function is just a linear function. The arbitrariness of the sign in H arises because the equations 
of motion involve m only quadratically |pl|| . Since is a positive quantity, A is bounded from 
below by the special value Ay^dS* that corresponds to the very simple case of pure gravity with 
a negative cosmological constant (case a = in eq. ( 1.4.34 ) : 



A > A 



AdS 



^D- 1 
'£1-2 



(1.4.40) 



The name given to Aj^^g has an obvious explanation. As it was originally shown by Lii, Pope 
and Townsend in pl[, for a = the domain wall solution (1.4.35) describes a region of the anti 
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de Sitter space AdSu. To verify this statement it suffices to insert the value (1.4.40) into (1.4.38) 
and (1.4.35) to obtain: 

dsl^ = iJ-2/(^-i)(y) {dx^ <g> dx-'rj^,) + H{y)-^ dy^ 



Performing the coordinate transformation: 



the metric becomes: 
where 



r ^ ^ hj{c±Qy) ; 



dsjjy^r = e 77^^ dx^" dx" + dr^ , 



A 



{D-l)(D-2) 

In the same coordinates the solution for the dilaton field is: 

2a\ 



e'^ — exp 



A(i?-1) 



(1.4.41) 

(1.4.42) 

(1.4.43) 
(1.4.44) 

(1.4.45) 



Eq.( 1.4.42) is the metric of AdS spacetime, in horospherical coordinates. Following ||21[ we can 
verify this statement by introducing the [D + 1) coordinates (X, F, Z^) defined by 



X = Y cosh \r + \\ T]f^^ 

A 



Y 



sinh Xr - ??^^ x^'x" e"'^'' 



= x" e-^"" 



They satisfy 



Zf'Z" + 



l/A^ 

2\r„ 



rj^^ dZf^dZ" + dY^ - dX^ = e"^^''?7^i. dx^" dx" + dr 



(1.4.46) 



(1.4.47) 
(1.4.48) 



which shows that (1.4.43) is the induced metric on the algebraic locus (1.4.47) which is the stan- 
dard hyperboloid corresponding to the AdS space-time manifold. The signature of embedding 
flat space is (—,+,+,• ••,-1-, —) and therefore the metric (1.4.43) has the right S0{2,D — 1) 
isometry of the AdSu metric. 

Still following the discussion in pl[ we note that in horospherical coordinates X + Y — 



A 



-1 ^-Ai- 



is non-negative if r is real. Hence the region X + ^ < of the full AdS spacetime is 



not accessible in horospherical coordinates. Indeed this coordinate patch covers one half of the 
complete AdS space , and the metric describes AdSD/Z2 where Z2 i s the a ntipodal involution 
{X, Y, Z'') {~X, —Y, —Z^). If D is even, we can extend the metric ( 1.4.41 ) to cover the whole 
anti de Sitter spacetime by setting the integration constant c = which implies H — Q y. So 
doing the region with y < corresp onds t o the previously inaccessible region X + Y < 0. If odd 
dimensions, we must restrict H in ( 1.4.41 ) to be non-negative in order to have a real metric and 
thus in this case we have to choose H = c + Q\y\, with c > 0. If the constant c is zero, the metric 
describes AdS£)/Z2, while if c is positive, the metric describes a smaller portion of the complete 
AdS spacetime. In any dimension, if we set: 



H 



-Q\y\ 



(1.4.49) 



the solution can be interpreted as a domain wall at y = that separates two regions of the anti de 
Sitter spacetime, with a delta function curvature singularity at ?/ = if the constant c is positive. 
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1.4.1 The Randall Sundrum mechanism 

What we have just described is the anti de Sitter domain wall that corresponds to A = A^^jg. 
The magic of this solution is that, as shown by Randall and Sundrum in [Q, it leads to the 
challenging phenomenon of gravity trapping. These authors have found that because of the 
exponentially rapid decrease of the factor 

exp[-A|r|] with A > (1.4.50) 

away from the thin domain wall that separates the two asymptotic anti de Sitter regions it happens 
that gravity in a certain sense is localized near the brane wall. Instead of the ZJ-dimensional 
Newton's law that gives: 

1 

R~- 

one finds the the D — 1-dimensional Newton's law 



force - (1.4.51) 



force ~ small corrections O (-^^^) (1.4.52) 

This can be seen by linearizing the Einstein equations for the metric fluctuations around any 
domain wall background of the form: 

ds'^ = W{r) j]^^ dx^ dx'' + dr^ , (1.4.53) 



that includes in particular the AdS case ( 1.4.43 ). In a very sketchy way if one sets: 



h^,u{x, y) = exp [ip ■ x] ip^.^.iy) (1.4.54) 

one finds that the linearized Einstein equations translate into an analog Schroedinger equation 
for the wave-function ip{y). This problem has a potential that is determined by the warp factor 
W{y). If in the spectrum of this quantum mechanical problem there is a normalizable zero mode 
then this is the wave function of a I? — 1 dimensional graviton. This state is indeed a bound 
state and falls off rapidly when leaving the brane. Since the extra dimension is non compact the 
Kaluza Klein states form a continuous spectrum without a gap. Yet D — 1 dimensional physics 
is extremely well approximated because the bound state mode reproduces conventional gravity 
in _D — 1 dimensions while the massive states simply contribute a small correction. 

It is clearly of utmost interest to establish which domain walls have this magic trapping 
property besides the anti de Sitter one. This has been recently done by Cvetic, Lii and Pope in 
[^H In order to summarize this and other related results I need first to emphasize another aspect 
of domain walls that puts them into distinguished special class among p-branes. 

1.4.2 The conformal gauge for domain walls 



Going back to the general domain wall solution (1.4. 35), (1.4. 36), (1.4. 37), (1.4. 38), classified by 



the value of A (eq.( 1.4.39 )) we observe that there is still an ambiguity in the powers of the 
harmonic function (1.4.37) that appear as metric coefficients. This ambiguity is due to coordinate 
transformations and it is a specific property of D — 2-branes not present in other p-branes, where 
the harmonic function H is not a linear function. Following a discussion by Bergshoeff and van der 
Schaar |]3^ we observe that in the range y > we can make the following linear transformation: 
y — —-^ + y' H{y) ~ Qy' that eliminates the integration constant c. Furthermore we 

can redefine y' as some other fractional power of a third coordinate y, namely y' = — Q ^ 
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then shifting it once again by a constant y — z + Altogether this means that we introduce 
the coordinate transformation: 



Under this transformation we have (for positive y): 

H{y) = - [H{z 



Q 



and the domain wall metric (1.4.33) becomes: 



ds 



DW 



(1.4.55) 



(1.4.56) 



(1.4.57) 



This transformation allows for the remarkable possibility of choosing a conformal gauge, namely 
a coordinate system where it becomes manifest that the domain wall metric is conformally flat. 
Indeed it suffices to impose that the two powers of the harmonic function appearing in (1.4.57) 
be equal: 

-^^-^-2 (1.4.58) 



Using eg. ( 1.4. 3^ ) the solution of ( 1.4.58 ) for e is unique in all cases with the exception of A = —2: 

^ + ^ (1.4.59) 



A 



Hence for A ^ —2, redefining 2 i— > ez, Q i-^ fc |e| the domain wall solution (1.4.35) can always be 
rewritten in the following conformally flat way: 

dslw/conf = [H{z)] [T^^^dx^^^dx" + dz^) 

H{z) = l + k\z\ 



k^iA + 2) 



A 



(1.4.60) 



Obviously the solution ( 1.4.60 ) c ould h ave been obtained by directly solving the Einstein equa- 
tions associated with the action ( 1.4.34 ) starting from a conformal ansatz of the type: 



dsow/conf = exp[^(z)] (77^^ dx^ dx'" + dz^) , 



(1.4.61) 



Yet I preferred to obtain it from the general solution ( 1.2.81) for supergravity p-branes in order 
to emphasize its interpretation as a domain wall, namely a, D — 2~-brane. The direct method 
of solution can be used to find the conformal representation of the domain wall metric in the 
exceptional case A ~ —2. As shown in pi| one obtains: 



ds^ = 1^1 (77^, dx^ dx" + dz^) 



(1.4.62) 
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where k is now given by 



-2A(d- 2) 



(1.4.63) 



which is real for negative A. There is another important point that we s hould n ote. Ou r starting 
point, prior to all the subsequent manipulations, has been the form (1.4.35),( 1.4.38| ) which is 
that of an electric p-brane and not that of a solitonic one (see eq.l.2.1C)). This implies that our 
domain wall solutions are not exactly bona fide solutions of the action (1.4.34) but require also 
the coupling to a source term that is the world-volume action of the domain wall, localized at 
z = in the last coordinate frame we have used. Namely the true action is 



A 



2Ae 



-a 



'WVo-i 



(1.4.64) 



where Csource is world-volume lagrangian of the D — 2-brane and the parameter T denotes its 
tension. An important issue is to relate the wall-tension to the parameters appearing in the 
classical domain wall solution. This was done in |31 following a standard analysis developed in 

The matching conditions across the singular domain wall source imply 



33 



previous papers 

that that the energy density (tension) of the wall is related to the values of the cosmological 
constant parameters on either side of the wall, namely the authors of pa find: 



a = T=2(AUo--4=o+). 
where the prime denotes a derivative with respect to z. This leads to 



(1.4.65) 



A 7^ -2 : r 



A = -2 : T = 



!sign[fc(A + 2)]\/-^ 



8fc 

d-2 



(1.4.66) 



Thus positive-tension domain- wall solutions exist for A < — 2 with fc > and for A > — 2 with 
fc < 0. Conversely, negative-tension domain walls arise for A < —2 with k < and f or A > —2 
with fc > 0. So for our domain walls with A < —2, we assume the lower bound ( |l.4.40| ). To avoid 

naked singularites we also need fc > 0^ 

Using the simple conformal gauge ( 1.4.60| ) the authors of Q have analyzed the fluctuations 
of the metric around such a background and have found that the graviton wave function obeys, as 
predicted by Randall-Sundrum |38, 3^ a Schrodinger equation with a potential that is completely 
fixed by the value of A. More precisely one finds that in the conformal gauge the fluctuations of 
the D-dimensional graviton satisfy the Klein Gordon equation of a scalar field in the gravitational 
background namely 9m {\/~g 9^^^ $) = 0. Parametrizing: 



^(z) 



(1.4.67) 



where p is the D — 1-dimensional momentum the Klein Gordon equation becomes the following 
Schrodinger-type equation. 



where the potential, calculated in ||3l| is given by 

(A + l)fc2 



1„2 



(1.4.68) 



A 9^ -2 : [/ = - 



2(A + 2)2i/(z)2 



■5(z), 



^2 : U 



1 ;„2 



\k5{z) 



(1.4.69) 
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Such an equation has a normahzable zero-mode wave function if the following condition is satisfied 
A < — 2. Indeed it is evident from these expressions that for A < — 2, [/ has a volcano shape as 



in fig. 1.1 since the delta function has a negative coefficient, and the "bulk" term is non-negative 



for all z. Hence the trapping of gravity occurs for positive tension D — 2-branes in the following 



Figure 1.1. The volcano potential 




window: 

^Ads < A < -2 (1.4.70) 
1.5 Conclusion of this first bestiary 

The brief survey of the p-brane bestiary I have presented in the present chapter was meant to 
illustrate and single out one main issue. It now appears that the near brane geometry of all 
the superstring p-brane is a domain wall, anti de Sitter space being just a particular case that 
corresponds to conformal invariance. There is a challenging proposal of a DW/QFT correspon- 
dence that should relate non-conformal gauge theories on the wall world volume to supergravity 
compactified on the domain wall space-time. The unresolved question is how to identify the ap- 
propriate gauged supergravities that corresponds to each choice of brane configuration. For this 
reason I devote the next two chapters to describe the basic geometric structures of supergravity 
(the supergravity bestiary) and how these latter are used to construct the gaugings. 

Let me stress that a complete and unambiguous pairing between supergravity gaugings and 
the Z3p-brane spectrum cannot fail to contribute a new profound insight in superstring theory. 
The quest for supersymmetric realizations of the Randall-Sundrum scenario that I will shortly 
touch in the last chapter has to be viewed as part of this more general problem 



Chapter 2 



Supergravity bestiary and the diverse dimensions 
of superstring theory 



2.1 Introduction 

In the previous chapter we discussed the p-brane motivations to consider supergravity theories 
in diverse dimensions. From this viewpoint the basic information one would hke to master is the 
following: 

• The scalar field dependence of the kinetic terms of p-forms A/as (0) A * since this 
latter eventually decides the values of the coefficients a in the exponential factors of the 



p-brane actions (1.2.1) 



The scalar field potential V{(j)) which eventually decides the form of the cosmological term 



in the domain wall actions (1.4.34) 



• The metric gij{(t>) appearing in the kinetic term gij{(j))di^i4>^ d^(j>' of the scalar fields since it 
is needed as much as the matrix Mat,{<P) to determine the values of a and eventually of A 

It turns out that each of the above items involves a wealth of surprisingly sophisticated geometric 
structures that are skillfully utilized by supergravity, first to stand on its feet at the ungauged 
level and, secondly, to be gauged producing non abelian symmetries and the scalar potential. In 
the present chapter I survey all these structures and I try to illustrate their meaning in relation 
with the parent string theory. Obviously the cause that imposes on the theory all such structures 
is supersymmetry and the presence of the fermions. Yet since the fermions are ugly objects to deal 
with while their product, namely the geometric structure of the theory is beautiful, I will only stick 
to the latter and mention the fermions as seldom as possible. This implies that my presentation is 
mostly descriptive. I nowhere pretend to give the proof that the various supergravities are as they 
are but I do my best to illustrate their miraculous geometric functioning that eventually governs 
the p-brane classical physics we are interested in. In view of the advocated correspondences such 
classical physics is also the quantum physics of the underlying world volume theories. 

2.2 Supergravity and homogeneous scalar manifolds G/H 

If we consider the whole set of supergravity theories in diverse dimensions we discover an impor- 
tant general property. With the caveat of three noteworthy exceptions in all the other cases the 
constraints imposed by supersymmetry imply that the scalar manifold M. scalar is necessarily a 
homogeneous coset manifold G/Ti. of the non-compact type, namely a suitable non compact Lie 
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group Q modded by the action of a maximal compact subgroup Ti. d Q. By M scalar we mean the 
manifold parametrized by the scalar fields (j)^ present in the theory. The metric gij{(t>) defining 
the Riemannian structure of the scalar manifold appears in the supergravity lagrangian through 
the scalar kinetic term which is of the cr-model type: 

C'f^alar = \9l.md,¥d^4>' (2.2.1) 

The three noteworthy exceptions where the scalar manifold is allowed to be something more 
general than a coset Q /Ti are the following 

(i) M — 1 supergravity in _D = 4 where Ai scalar is simply requested to be a Hodge Kdhler 
manifold 

(ii) J\f — 2 supergravity in Z) = 4 where M scalar is simply requested to be the product of a 
special Kdhler manifold 5/C„0 containing the n complex scalars of the n vector multiplets 
with a quaternionic manifold QMm containing the 4m real scalars of the m hypermultiplets 

... 

(iii) Af = 2 supergravity in _D = 5 where M scalar is simply requested to be the product of a 
very special manifold V5„ ^ containing the n real scalars of the n vector multiplets with a 
quaternionic manifold QAim containing the 4m real scalars of the m hypermultiplets. 

I shall come back to the case of A/" = 2 supergravity in five dimensions because of its relevance in 
the quest of domain walls and supersymmetric realizations of the Randall Sundrum scenario and 
there I shall briefly discuss both very special geometry and quaternionic geometry. Instead for 
special Kahler geometry and the structure oi M = 2 supergravity in four dimensions I refer the 
reader to Q and |Q where they are extensively discussed. Probably the most relevant aspect of 
special Kahler manifolds is their interpretation as moduli spaces of Calabi Yau three-folds which 
connects the structures of M = 2 supergravity to superstring theory via the algebraic geometry 
of compactifications on such three-folds. Here I do not address these topics and I rather focus 
on the case of homogeneous scalar manifolds which covers all the other types of supergravity 
lagrangians and also specific instances oi M = 2 theories since there exist subclasses of special 
Kahler and very special manifolds that are homogeneous spaces Q/T-i. 

By means of my choice I aim at illustrating some of the very ample collection of supergravity 
features that encode quite non trivial aspects of superstring theory and that can be understood 
in terms of Lie algebra theory and differential geometry of homogeneous coset spaces. 



^ Special Kahler geometry was introduced in a coordinate dependent way in the first papers on the vector multiplet 
coupling to supergravity in the middle eighties Then it was fmrnulated in a coordinate— free way at the 

beginning of the nineties from a Calabi Yau standpoint by Strominger pi| and from a supergravity standpoint by 
Castellani, D'Auria and Ferrara [O, The properties of holomorphic isometrics of special Kahler manifolds, 
namely the geometric structures of special geometry involved in the gauging were clarified by D'Auria, Fre and 
Ferrara in For a review of special Kahler geometry in the setup and notations of the present lectures see 

The notion of quaternionic: geometry, as it enters the forrmiLation of hypermultiplet coupling was introduced 
by Bagger and Witten in [psf and formalized by Galicki in AttI who also explored the relation with the notion 
of HyperKahlerjjuotient, whose use in the construction of supersymmetric N = 2 lagrangians had already been 
emphasized in fTq]. The general problem of classifying quaternionic homogeneous spaces had been addressed in 
the mathematical literature by Alekseevski js?] . 

^ The notion of very special geometry is essentially due to the work of Gunavdin Sierra and Townsend who 
discovered it their work on coupling D = 5 supergravity to vector multiplets |69| , W . The notion was subsequently 
refined ar id propcrlv related to special Kahler geometry in four dimensions tnrough the work by de Wit and Van 
Proeyen |lf Q g 
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2.2.1 How to determine the scalar cosets G/H of supergravities from supersymme- 
try 

The best starting point of our discussion is provided by presenting the table of coset structures 



in four-dimensional supergravities. This is done in the next subsection in table 2T where super- 
gravities are classified according to the number M of the preserved supersymmetries. Recalling 
that a Majorana spinor in D = A has four real components the total number of supercharges 
preserved by each theory is 

# of supercharges = 47V (2.2.2) 

and becomes maximal for the Af — 8 theory where it is 32. 

Here I present a short general discussion that applies to all the diverse dimensions. 
There are two ways to determine the scalar manifold structure of a supergravity theory: 

• By compactification from higher dimensions. In this case the scalar manifold is identified as 
the moduli space of the internal compact space 

• By direct construction of each supergravity theory in the chosen space-time dimension. In 
this case one uses all the a priori constraints provided by supersymmetry, namely the field 
content of the various multiplets, the global and local symmetries that the action must have 
and, most prominently, as I am going to explain, the duality symmetries. 

The first method makes direct contact with important aspects of superstring theory but provides 
answers that are specific to the chosen compact internal space Oiq-d and not fully general. The 
second method gives instead fully general answers. Obviously the specific answers obtained by 
compactification must fit into the general scheme provided by the second method. In the next 



section I highlight the basic arguments that lead to the construction of table 2.1, Obviously the 
table relies on the fact that each of the listed lagrangians has been explicitly constructed and 
shown to be supersymmetricQ but it is quite instructive to see how the scalar manifold, which is 
the very hard core of the theory determining its interaction structure, can be predicted a priori 
with simple group theoretical arguments. 



The first thing to clarify is this: what is classified in table 2.1 are the ungauged supergravity 
theories where all vector fields are abelian and the isometry group of the scalar manifold is a global 
symmetry. Gauged supergravities which are the main concern of these lectures are constructed 
only in a second time starting from the ungauged ones and by means of a gauging procedure 
that I will describe in further chapters. Each ungauged supergravity admits a finite number 
of different gaugings where suitable subgroups of the isometry group of the scalar manifold are 
promoted to local symmetries using some or all of the available vector fields of the theory. It is 
clear that which gaugings are possible is once again determined by the structure of the scalar 
manifold plus additional constraints that I will explain later. 

In every space-time dimension D the reasoning that leads to single out the scalar coset 
manifolds Q /H is based on the following elements: 

A Knowledge of the field content of the various supcrmultiplcts /i^ that constitute irreducible 
representations of the A/'-extended supersymmetry algebra in D-dimensions. In particular 
this means that we know the total number of scalar fields. The scalars pertaining to the 
various types of multiplets must fill separate submanifolds Aii of the total scalar manifold 
which is the direct product of all such subspaces: Mscaiar = 0j Mi- 

* Fn r a review of supergravity theories both in D = 4 and in diverse dimensions the reader is referred to the 
book|67[ . Furthermore for a review of the geometric structure of all supergravity theories in a modern perspective 
I refer to Q 



Supergravity and homogeneous scalar manifolds G/H 



20 



B Knowledge of the automorphism group -ffAut of the relevant supersymnietry algebra. This 
latter acts on the gravitinos and on the other fermion fields as a local symmetry group. 
The gauge connection for this gauge symmetry is not elementary, rather it is a composite 
connection derived from the cr-model of the scalar fields: 



* = PAut 



9^0^ (2.2.3) 



where Paui denotes the projection onto the automorphism subalgebra Aut C of the 
isotropy algebra H of the scalar coset manifold G/Ti-. This is consistent only if the isotropy 
group has the following direct product structure: 

H = Aut (g) H' (2.2.4) 

H' being some other closed Lie group. 

Existence of appropriate irreducible representations of Q in which we can accommodate each 
type of p+l-forms ^Ip+^I^ appearing in the various supermultiplets. Indeed eachp+l-form 
sits in some supermultiplet together with fermion fields and with scalars. The transforma- 
tions of Q commute with supersymmetry and must rotate an entire supermultiplet into 
another one of the same sort. Since the action of G is well defined on scalars wc must be 
able to lift it also to the p + 1-form partners of the scalars. Here we have a bifurcation: 

• When the magnetic dual of the pi + 1-forms, that are D — pi — 3-forms have a different 
degree, namely D^pi — 3 ^ pi + 1, then the group Q must have irreducible representations 
Di of dimensions: 

dim (A) = n, (2.2.5) 

where Ui is the number of pi + 1-forms present in the theory 

• When there are p + 1-forms, whose magnetic duals have the same degree, namely D — 
p—3 = 15+1, then the group Q must have, in addition to the irreducible representations 



Di that accommodate the other pi + 1-forms as in eq.(2.2.5) also a representation D of 
dimension 

dim (D) = 2n (2.2.6) 

which accommodates the n forms of degree p and has the following additional property. 
In D = 6, 10 it is realized by pseudorthogonal matrices in the fundamental of SO {n , n) 
while in Z? = 4, 8 it is realized by symplectic matrices in the fundamental of Sp (2 n, R). 
The reason for this apparently extravagant request is that in the case of p -I- 1-forms 
the lifting of the action of the group G is realized by means of electric/magnetic duality 



rotations as I explain in section 2.4. Furthermore the reason why, in this discussion, 
I consider only the even dimensional cases is that self-dual p + 1-forms can exist only 
when D = 2r is even. 



2.2.2 The scalar cosets o{ D = A supergravities 

In four dimensions the only relevant p + 1-forms are the 1-forms that correspond to ordinary 
gauge vector fields. Indeed 3-forms do not have degrees of freedom and 2-forms can be dualized 
to scalars. On the contrary _D = 4 is an even number and 1-forms are self-dual in the sense 
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described in section 2.4 and alluded above in section 2.2.1. Furthermore the automorphism group 
of the J\f extended supersymmetry algebra in D = 4 isQ 



HAut = SU(AA)xU(l) 
HAut = SU(8) 



A/" = 1,2,3,4,5,6 
A/'= 7,8 



(2.2.7) 



Hence applying the strategy outlined in section 2.2.1 the requests to be imposed on the coset 
Q /Ti. in four-dimensional supergravities are: 



(i) The total number of spin zero fields must be equal to the dimension of the coset: 

# of spin zero fields = m = dim Q — dim Ti. 



(2.2.. 



(ii) The total number of vector fields in the theory n must be equal to one half the dimension 
of a symplectic irreducible representation Dsp of the group Q : 



# of spin 1 fields = n = - dim Dsp (G) 



(iii) The isotropy group Ti. must be of the form^: 



H ^ SV (TV) X U(l) X H' 
n = SV (Af ) X U(l) 
= SU (8) 



A/' = 3,4 
7V= 5,6 
AA = 7,8 



(2.2.9) 



(2.2.10) 



The distinction between the cases A/" = 3, 4 and the cases Af — 5,6 comes from the fact that 
in the former we have both the graviton multiplet plus vector multiplets, while in the latter 
there is only the graviton multiplet. The vector multiplets can transform non trivially under 
the additional group Ti' for which there is no room in the latter cases. Finally the Af = 7,8 
supergravities that contain only the graviton multiplet are indistinguishable theories since 
their field content and interactions are the same. 

Using the above rules and the known list of Lie groups one arrives at the unique solution 



provided in table 2.1 



2.3 Maximal supergravities in diverse dimensions and their scalar man- 
ifolds 



In table 2.1 we have classified supergravities at fixed space-time dimension according to the num- 



ber of supersymmetries. Another possible classification is according to space time dimensions D 

^ The role of the SU{J\f) symmetry in A/'-extended supergravity was firstly emphasized in [ |llo| , |l09| . 
^ The difference between the Af = 7,S cases and the others is properly explained in the following way. As far as 
superalgebras are concerned the automorphism group is always \J{J\f) for all J\f, which can extend, at this level 
also beyond A'' = 8. Yet for the J\f = 8 graviton multiplet, which is identical to the Af = 7 multiplet, it happens 
that the U(l) factor in U(8) has vanishing action on all physical states since the multiplet is self— conjugate under 
CPT-symmetries. From here it follows that the isotropy group of the scalar manifold must be SU(8) rather than 
U(8). A similar situation occurs for the Af = i vector multiplets that are also CPT self-conjugate. From this fact 
follows that the isotropy group of the scalar submanifold associated with the vector multiplet scalars is SU(4) X H' 
rather than U(4) X Ti.' . In N = A supergravity, however, the U(l) factor of the automorphism group appears in 
the scalar manifold as isotropy group of the submanifold associated with the graviton multiplet scalars. This is 
so because the A/" = 4 graviton multiplet is not CPT self conjugate. I warmly thank A. Van Proeyen for pointing 
out to me the need to explain this point more explicitly than in the first draft of these notes. 
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Table 2.1. Scalar Manifolds of Extended Supergravities in D = 4 



# seal. 

in 
scal.m. 



# seal. 

in 
vec. m. 



# seal, 
in 

grav. m. 



# veet. 

in 
vee. m. 



# veet. 
in 

grav. m. 



^ cont 



scalar 



2 m 



I 

C Sp{2n, 



Kahler 



4 m 



2 n 



I 

C Sp(2n + 2, 



Quaternionic (g) 
Speeial Kahler 



6 n 



S'U(3,n) 
C Sp(2n + 6, 



SV(3,n) 
S(U{3)xU(n)) 



6 n 



SU(l,l)®S0(6,n) 
C Sp(2n + 12,R) 



U(l) ^ 
SO(6,n) 
SO{6)xSO(n) 



10 



10 



SU(1,5) 
C Sp(20,K 



SU(1.5) 
S(U{1)XU(5)) 



30 



16 



50* (12) 
C Sp(32,R 



SO*(12) 
U{l)xSU{6) 



70 



56 



7{-7) 



C Sp(128, 



SU(8) 



at fixed number of supercharges Nq. In particular one can consider maximal supergravities where 
Nq = 32 and discuss their structure in the diverse dimensions 3 < I? < 10. Such a study is very 
much rewarding since we can relate it to the alternative way of deriving the scalar manifold of 
supergravity, namely via compactification. There is indeed a class of hierarchical compactifica- 
tions that have the distinguished property of preserving the number of supersymmetries at each 
step of the hierarchy. These are the toroidal compactifications where £)-dimensional space-time 
A^D is replaced by: 

Md^Md-x X (2.3.1) 

denoting an x-dimensional torus and M d-x being a new space-time in D — x-dimensions. By 
means of sequential toroidal compactifications we can reach all maximally extended supergravities 
in lower dimensions starting from either type IIA or type IIB supergravity in I? = 10. The 
result is always the same since supersymmetry allows for unique maximal theories in Z? < 9 
and there is just one scalar coset manifold, that listed in table 2.2. Yet this result can be 
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interpreted in two ways depending on whether we look at it from the type IIA or from the type 
IIB viewpoint. There is indeed a challenging problem that corresponds to retrieving the steps of 



Table 2.2. Scalar geometries in maximal supergravities 



D = 9 


E2(2) =SL(2,R)®0(1,1) 


H = 0(2) 


dimR {g/n) = 3 


D^8 


E3{3) = SL(3,R)® SL(2,R) 


H = 0(2)®0(3) 


dimt,{g/H) = 7 


D^7 


E4(4) = SL(5,R) 


H = 0(5) 


dimtt{g/H) = 14 


D = 6 


E5(5) =0(5,5) 


i^ = 0(5)®0(5) 


dimR (g/n) = 25 


D = 5 


E6(6) 


H = Usp(8) 


dimR (g/H) = 42 


D = 4 


E7(7) 


H = SU(8) 


dimR(e;/H) = 70 


D = 3 


E8(8) 


H = 0(16) 


dimR (g/H) = 128 



the two possible chains of sequential toroidal compactifications within the algebraic structure of 
the isometry groups Gx and identifying which scalar field appears at which step of the sequential 
chain. Such a problem has a very elegant and instructive solution in terms of a rather simple and 
classical mathematical theory, namely the solvable Lie algebra parametrization of non-compact 
cosets. This mathematical theory that makes a perfect match with the string theory origin of 
supergravities plays an important role in the discussion of p-brane solutions. I will review it 
in chapter |^. As we are going to see there, in the Solvable Lie algebra parametrizations the 
scalar fields are divided into two groups, those that are associated with Cartan generators of the 
solvable algebra and those that are associated with nilpotent generators. The Cartan scalars 
are those that play the role of generalized dilatons and couple to the field strength p + 2-forms 



as in eq. ( 1.2.1 ). Within the algebraic approach the a parameters appearing in the couplings 
of type exp [—«(/)] [if^lp+^lp have an interpretation in terms of roots and weights of the Qx Lie 
algebras which provides a very important insight into the whole matter. The solvable Lie algebra 
approach that in maximal supergravities helps so clearly to master the string theory origin of 
the cosets G/Ti- can be extended also to the scalar manifolds of theories with a lesser number of 
supercharges. Indeed, from a mathematical point of view it works for all non-compact cosets. 
We refer the reader to chapter ^ for a review of these ideas and of this geometrical setup. 

2.4 Duality symmetries in even dimensions and the coupling of self- 
dual forms 

Generically a p-brane in D-dimensions either carries an electric charge with respect a (p + 1)- 
form gauge field yll^+^l or a magnetic charge with respect to the dual D — p — 3-form ^^^[^^^ ■ 
In the general case it cannot be dyonic with respect to the same gauge field since 

p+li= D -p-i (2.4.1) 



However, in even dimension D = 2r, the Diophantine eq.(2.4.1) admits one solution p = ~ , 
so that we always have, in this case, a special instance of branes which can be dyonic: they 
are particles or 0-branes in D = 4, strings or 1-branes m D — Q and 2-branes in D = 8. The 
possible presence of such dyonic objects has profound implications on the structure of the even 
dimensional supergravity lagrangians. Indeed most of the dualities, T, S and U that relate the 
five perturbative superstrings have a non trivial action on p-branes and generically transform 
them as electric-magnetic duality rotations. Hence, when self-dual r — 1-forms are available, 
string dualities reflect into duality symmetries of the supergravity lagrangians which constitute 
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an essential ingredient in their construction. By duality symmetry we mean the following: a 
certain group of transformations Gduai acts on the set of field equations of supergravity plus the 
Bianchi identities of the r — 1-forms mapping this set into itself. Clearly Gduai acts also on the 
scalar fields 0^ and in order to be a symmetry it must respect their kinetic term gij{4>)dfj,(j>^ d^cj)"^ . 
This happens if and only if Gduai is a group of isometrics for the scalar metric gu {(/)). In other 
words string dualities are encoded in the isometry group of the scalar manifold of supergravity 
which is lifted to act as a group of electric-magnetic duality rotations on the r — 1-forms. 

The request that these duality symmetries do exist determines the general form of the su- 
pergravity lagrangian and is a key ingredient in its construction. For this reason in the present 
section I consider the case of even dimensions D — 2r and I review the general structure of an 
abelian theory containing n differential (r — l)~forms: 

^^^ = ^^11... p.-i'^^;^' A ... Adx'^-i ; (A=l,...,n) (2.4.2) 

and m real scalar fields <j>^ . The field strengths of the r — 1-forms and their Hodge duals are 
defined as follows: 

^ dA^ ^ ^.F;^^... A ... Adx'^- . ^ a^^A;^^... + r-2 terms 

pA* — i ■tA j^Mi A A (Vr'^'- ■ = —r fA\ui...Ur 

(2.4.3) 



Defining the space-time integration volume as 



= ^Mi-Mo dx''' A ... A dx*"^ (2.4.4) 



we obtain: 



pA . piS _ ^l^...lJ.rVl...Ur 'pK ttS 

^ Ml--- Mr "1--- i^r 

pA ^ p^. ^ _i_ _^A j,n,^- Mr (2.4.5) 

The real scalar fields (p^ { I = 1, . . . , m) span an m-dimensional manifold M. scalar [^endowed with 
a metric gij{(f)). Utilizing the above field content we can write the following action functional: 

S = Stens + Sscal 



^scal — 



2 ' 2 

d-^a; (2.4.6) 



where the scalar field dependent n x n matrix jAs{(j)) generalizes the inverse of the squared 
coupling constant p- appearing in ordinary 4D-gauge theories. The field dependent matrix 
^ae(0) is instead a generalization of the theta-angle of quantum chromodynamics. The matrix 
7 is symmetric in every space-time dimension, while 9 is symmetric or antisymmetric depending 
on whether r = _D/2 is an even or odd number. In view of this fact it is convenient to distinguish 
the two cases, setting: 

\^v + 2 vC,'L\ r = 2v+l ^ > 

^ whether the <l>^ can be arranged into complex fields is not relevant at this level of the discussion 
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n 
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A=l 



the total lagrangian of eq. ( ^.4.6 ) can be rewritten as 



(2.4.: 



(2.4.9) 



(2.4.10) 



and the essential distinction between the two cases of eq.( 2.4.7 ) is given, besides the symmetry 
of 9, by the involutive property of j, namely we have: 



D^Ai^ I 
D ^4iy + 2 I 9^ 

Introducing dual and antiself~dual combinations: 

D = 4:V 

and the field-dependent matrices: 

D = Av 
D = Av + 2 



9^ f 



= -1 
9^ f^l 



(2.4.11) 



(2.4.12) 



TV = 6* - i7 
TV" = 6* + i7 

M = 9^-1 



(2.4.13) 



the tensor part of the lagrangian (2.4.10) can be rewritten in the following way in the two cases: 

o 

D = Au + 2: Ctens = \ [T+'^NT+ + T'^ T-\ (2.4.14) 
o 

Introducing the new tensor: 



^ (r!) 

which, in matrix notation, corresponds to: 



^A^.^ — D = 4i^ + 2 



jG = a = ^ (7 1 + ^ j) ^ 



(2.4.15) 



(2.4.16) 
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where a = =p depending on whether D — Ai> or D — Av + 2, the Bianchi identities and field 
equations associated with the lagrangian (2.4.6) can be written as follows: 



^ (11. ..fir " 



This suggests that we introduce the 2n column vector : 
and that we consider general linear transformations on such a vector: 



(2.4.17) 



(2.4.18) 



J 5 



A B 
C D 



J 5 



For any matrix 



A B 
C D 



9V' = ^ 
Separating the self-dual and anti-self-dual parts 



(2.4.19) 

G GL(2ri, M) the new vector V of magnetic and electric field-strengths 

2.4.20) 



satisfies the same equations 2.4.17 as the old one. In a condensed notation we can write 

=^ dY' 







and taking into account that for D ~ Av we have: 

g+ = NT+ g- 

whilc ioY D = Av + 2 the same equation reads: 

g+ = NT+ g- = -hf^T- 

the duality rotation of eq.( ^.4.1E ) can be rewritten as: 



(2.4.21) 



(2.4.22) 



(2.4.23) 



D = Ah 



D = Aiy + 2 



g^ 

T- 

g- 
g^ 

T- 

g- 



A B\(T+ 
CD) \NT"' 



A B 
C D 



T- 



A B\(T+ 
CD) \NT'' 



(2.4.24) 



A B 
C D 



In both cases the problem is that the transformation rule ( 2.4.24 ) of g^ must be consis tent wi th 
the definition of the latter as variation of the Lagrangian with respect to (see eq.( 2.4.15 )). 

(a B 

This request restricts the form of the matrix A : 



C D 



As we are just going to show, in 
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the D ^ Au case A must belong to the symplectic subgroup Sp(2rt,R) of the special linear group, 
while in the D = + 2 case it must be in the pseudorthogonal subgroup SO(rT, n): 



D = Av + 2 




e Sp(2n,M) C GL(2n,] 
e SO(n,n) C GL(2n,l 



(2.4.25) 



the above subgroups being defined as the set of 2n x 2n matrices satisfying, respectively, the 
following conditions: 



A e Sp(2n,M) 
A e SO (n,n) 




(2.4.26) 



To prove the statement we just made, we calculate the transformed lagrangian C and then 
we compare its variation -§^jt with Q^' as it follows from the postulated transformation rule 
(2.4.24). To perform such a calculation we rely on the following basic idea. While the duality 
rotation (2.4.24) is performed on the field strengths and on their duals, also the scalar fields are 
transformed by the action of some diffeomorphism ^ e Diff {AA scalar) of the scalar manifold and, 
as a consequence of that, also the matrix A/" changes. In other words given the scalar manifold 
Mscaiar wc assumc that in the two cases of interest there exists a surjective homomorphism of 
the following form : 

LS : Ui^ {Mscaiar) GL(2rT, M) (2.4.27) 

so that: 



V e e {Mscaiar) 



3^5(0 



G GL(2n,] 



(2.4.28) 



Using such a homomorphism we can define the simultaneous action of ^ on all the fields of our 
theory by setting: 

m 

i : {-V ^ is{£,)Y (2.4.29) 

^{<p) mm) 



where the notation (2.4. IS) has been utilized. In the tensor sector the transformed lagrangian, is 



r' 



{A + BMYM'{A + BM)T+ - T-^ {A + B'Nfjj'{A + Bl^T 



(2.4.30) 



for the D ^ Av case and 
i 



tens 



{A + BMfM'{A + BM)T^ - {A - BM'^fM^'{A - Bm)T' 



Gonsistency with the definition of Q'^ requires, in both cases that 

M' = M{i{<i>)) - (Q + Df^M) (A^ + Bf^M)-^ 



(2.4.31) 
(2.4.32) 
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while consistency with the definition of Q imposes, in the D = Av case the transformation rule: 
AT' = Ar(C(0)) = (Q + D^'N') {A^ + B^77)^' (2.4.33) 



and in the case D = Aiy + 2 the other transformation rule: 



(2.4.34) 



It is from the transformation rules ( |2.4.32D ,( |2X33| ) and ( |2.4.34D that we derive a restriction on the 
form of the duality rotation matrix = i-s{S,)- Indeed, in the D = 4i/ case we have that by means 



of the fractional linear transformation (2.4.32) must map an arbitrary complex symmetric 
matrix into another matrix of the same sort. It is straightforward to verify that this condition 
is the same as the first of conditions (2.4.26), namely the definition of the symplectic group 
Sp(2n, R). Similarly in the D — 41/ + 2 case the matrix A^ must obey the property that taking 
the negative of the transpose of an arbitrary real matrix M before or after the fractional linear 
transformation induced by A^ is immateri al. On ce again, it is easy to verify that this condition 
is the same as the second property in eq. ( ^.4.2(: ) , namely the defin ition o f the pseudorthogonal 
group SO{n,n). Consequently the surjective homomorphism of eq.( ^.4.27 ) specializes as follows 
in the two relevant cases 

T)iS{Mscalar) — Sp(2rT, M) 

Difr(A^,,„,„,) SO(n,n) 



(2.4.35) 



Clearly, since both Sp(2n, R) and SO (n,n) are finite dimensional Lie groups, while Diff (A^ scalar ) 
is infinite-dimensional, the homomorphism ig can never be an isomorphism. Defining the Torelli 
group of the scalar manifold as: 



we always have: 



Diff (A^ scalar) ^ T^OT {M scalar) = kcr t5 



dim Tor (A^ scalar) = oo 



(2.4.36) 



(2.4.37) 



The reason why have given the name of Torelli to the group defined by eq. 2.4.3(: is because of 
its similarity with the Torelli group that occurs in algebraic geometry. There one deals with the 
moduli space M moduli of complex structures of a (p + l)-fold A^p+i and considers the action of 
the diffeomorphism group Diff [Mmoduu) on canonical homology bases of (p+ l)-cycles. Since this 
action must be linear and must respect the intersection matrix, which is either symmetric or anti- 
symmetric depending on the odd or even parity of p, it follows that one obtains a homomorphism 
similar to that in eq. 2.4.35: 



Diff {Mjnoduli) 

Diff {Mmoduii) 



Sp(2n,R) 
SO(n, n) 



(2.4.38) 



The Torelli group is usually defined as the kernel of such a homomorphism. When cohomology 
with real coefficients is replaced by cohomology with integer coefficients the homomorphism of 
eq. 2.4.3g reduces to 

r Diff {Mmoduu) Sp(2n, Z) 
■ \Diff(A^w«H) — SO(rT,n,Z) ^^•^'"'^^ 

and the Torelli group becomes even larger. 

This similarity between two problems that are, at first sight, totally disconnected is by no 
means accidental. When the supergravity lagrangian that we consider emerges from some com- 
pactification of string theory, the scalar manifold Mscaiar is identified with the moduli-space of 



Duality symmetries in even dimensions 



29 



complex structures for suitable complex {p+ l)-folds or tori and the duality rotations are related 
with changes of integer homology basis. From the physical point of view what requires the re- 
striction from the continuous duality groups Sp(2n, R), SO(n, n, Z) to their discrete counterparts 
Sp(2n, Z), SO(n, n, Z) is the Dirac quantization condition of electric and magnetic charges 

= - n e Z (2.4.40) 

which obviously occurs when electric and magnetic currents are introduced. Indeed the lattice 
spanned by electric and magnetic charges is eventually identified with the integer homology lattice 
of the corresponding (p + l)-fold. 

In view of this analogy, the natural question which arises is the following: what is the 
counterpart in algebraic geometry of the matrix Af that appears in the kinetic terms of the gauge 



fields? In view of its transformation property eq.( 2.4.32) the answer is very simple: it is the 
period matrix. Consider for instance the situation, occurring in Calabi-Yau three-folds, where 
the middle cohomology group H^j^ (A^a) admits a Hodge-decomposition of the type: 

H^^l,{M3) = H^^'"^ © e i/(i,2) ^ ^(0,3) (2.4.41) 

and where the canonical bundle is trivial: 

ci (TM) = < — > dimi/(3'°' 1 (2.4.42) 

naming fi^'^'"^ the unique (up to a multiplicative constant) holomorphic 3-form, and choosing a 
canonical homology basis of 3-cycles {A-^,By}) satisfying : 

n ^0 A^ n Ba ^ 



where 



A 

Br n A^ =-5^ Br n Ba = 



(2.4.43) 

A,E ... = 1,... n = l + (2.4.44) 



we can define the periods: 

XA(</.)= / r!(3.o)(^) ; F^{<P)= I r!(3.o)(^) (2.4.45) 

J As 

where 0* (i = 1, . . . h^'^-^'^) are the moduli of the complex structures and we can implicitly define 
the period matrix by the relation: 

Fa - Jfiy^X^ (2.4.46) 
Under a diffcomorphism ^ of the manifold of complex structures the period vector 

m = frj^) (2-4.47) 



i^s(0) 

will transform linearly through the Sp(2n, R) matrix ih{£,) defined by the homomorphism in 



eq.(2.4.38) : at th e same time the period matrix M will ob ey the linear fractional transformation 
rule of eq.( 2.4.32 ). Indeed the intersection relations in cq.( 2.4.43|) define the symplcctic invariant 



metric 



1 

-1 

What should be clear from the above discussion is that a family of Lagrangians as in eq. 



{2A.t) will admit a group of duality-rotations/field-redefinitions that will map one into the other 
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member of the family, as long as a kinetic matrix A/as can be constructed that transforms as in 



eq.(2.4.32). A way to obtain such an object is to identify it with the period matrix occurring in 
problems of algebraic geometry. At the level of the present discussion, however, this identification 
is by no means essential: any construction of A/as with the appropriate transformation properties 
is acceptable. 

Note also that so far we have used the words duality-rotations/field-redefinitions and not 
the word duality symmetry. Indeed the diffeomorphisms of the scalar manifold we have con- 
sidered were quite general and, as such had no claim to be symmetries of the action, or of the 
theory. Indeed the question we have answered is the following: what are the appropriate trans- 
formation properties of the tensor gauge fields and of the generalized coupling constants under 
diffeomorphisms of the scalar manifold? The next question is obviously that of duality symme- 
tries. Suppose that a certain diffeomorphism ^ € DiS{Mscaiar) is actually an isometry of the 
scalar metric gij. Naming ^* : TMscaiar TMscaiar the push-forward of ^, this means that 

VX,r e TMscaiar 

g{X,Y) = g{eX,eY) (2.4.48) 



and ^ is an exact global symmetry of the scalar part of the Lagrangian in eq (2.4.6). The obvious 
question is: " can this symmetry be extended to a symmetry of the complete action? Clearly the 
answer is that, in general, this is not possible. The best we can do is to extend it to a symmetry of 
the field equations plus Bianchi identities letting it act as a duality rotation on the field-strengths 
plus their duals. This requires that the group of isometrics of the scalar metric Giso{Mi scalar) be 
suitably embedded into the duality group (either Sp(27T, K) or S0(7T, n) depending on the case) 
and that the kinetic matrix A/ae satisfies the covariance law: 

{im = (Q + D^um {A^ + B^um (2.4.49) 

A general class of solutions to this programme can be derived in the case where the scalar manifold 
is taken to be a homogeneous space Q /TL. This is the subject of next section. 

2.5 The kinetic matrix M and symplectic embeddings 

In our survey of the geometric features of bosonic supergravity lagrangians that are specifically 
relevant for p-brane solutions the next important item we have to consider is the kinetic term of 
the p + 1-form gauge fields. Generically it is of the form: 

= AAas (0) F^l^^i-^^..^ (2.5.50) 

where A/as is a suitable scalar field dependent symmetric matrix. In the case of self-dual p -\-\- 
forms, that occurs only in even dimensions, the matrix J\f is completely fixed by the requirement 
that the ungauged supergravity theory should admit duality symmetries. Furthermore as remarked 
i n the previous section, the problem of constructing duality-symmetric lagrangians of the type 



{ 2A.i ) admits general solutions when the scalar manifold is a homogeneous space Q /TL. Hence I 
devote the present section to review the construction of the kinetic period matrix A/" in the case 
of homogeneous spaces. The case of odd space dimensions where there are no dualities will be 
addressed in a subsequent section. 

The relevant cases of even dimensional supergravities are: 

(i) In _D = 4 the self-dual forms are ordinary gauge vectors and the duality rotations are 
symplectic. There are several theories depending on the number of supersymmetries. They 
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are summarized in table 2.1. Each theory involves a different number 12 of vectors and 
different cosets but the relevant homomorphism Lg (see eq. 2.4. 35| ) is always of the same 
type: 

Ls : Diff f^j — > Sp(27i,R) (2.5.51) 



having denoted by n the total number of vector fields that is displayed in table 2.1 

(ii) In Z? = 6 we have self-dual 2-forms. Also here we have a few different possibilities depending 
on the number (A/V , A/"- ) of left and right handed supersymmetries with a variable number n 
of 2-forms. In particular for the (2, 2) theory that originates from type IIA compactifications 
the scalar manifold is: 

while for the (4, 0) theory that originates from type IIB compactifications the scalar manifold 
is the following: 

Finally in the case of (7V+ — 2,7V_ = 0) supergravity, the scalar manifold is 

Mscalar = X QM (2.5.54) 

0(n) 

the first homogeneous factor ^j^^"-* containing the scalars of the tensor multiplets, while 
the second factor denotes a generic quaternionic manifold that contains the scalars of the 
hypermultiplets. In all cases the relevant embedding is 

ts: Diff(^^^ — > SO(n,n) (2.5.55) 

where n is the total number of 2-forms, namely: 

n ~ 4 + n for the (2, 2) theory 

n = 5 + n for the (4, 0) theory (2.5.56) 
n = 1 + n for the (2, 0) theory 

(iii) In D = 8 we have self-dual three-forms. There are two theories. The first is maximally 
extended N = 2 supergravity where the number of three-forms is n = 3 and the scalar coset 
manifold is: 

SL(3,R) SL(2,R) 

= ^(sT ~o{ir ^ ^ ^ ^ 

The second theory is iV = 1 supergravity that contains n — I three-forms and where the 
scalar coset is: 

g/"- S0f2)xS0(n) '-°''-^' '"^^''> 

having denoted n — #of vector multiplets. In the two cases the relevant embedding is 
symplectic and specifically it is: 

:Bis(^) ^ I ^PjJS T"T^ supergravity 

\H J \Sp(2,R) = 1 supergravity ^ ^ 
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2.5.1 Symplectic embeddings in general 



Let us begin with tlie case of symplectic embeddings relevant to D — 4 and D — 8 theories. 
Focusing on the isometry group of the canonical metric defined on 



Giso [ j^] = G 



we must consider the embedding: 



Sp(2ri,] 



(2.5.60) 



(2.5.61) 



That in eq.( 2.5.51) is a homomorphism of finite dimensional Lie groups and as such it constitutes 
a problem that can be solved in explicit form. What we just need to know is the dimension of 
the symplectic group, namely the number n of -forms appearing in the theory. Without 
supersymmetry the dimension m of the scalar manifold (namely the possible choices of :^) and 
the number of vectors n are unrelated so that the possibilities covered by eq. ( ^.5.61 ) are infinitely 
many. In supersymmetric theories, instead, the two numbers m and n are related, so that there 
are finitely many cases to be studied corresponding to the possible embeddings of given groups 
Q into a symplectic group Sp(2rT, M) of fixed dimension n. Actually taking into account further 
conditions on the holonomy of the scalar manifold that are also imposed by supersymmetry, the 
solution for the symplectic embedding problem is unique for all extended supergravities as we 
have already remarked. In D = 4 this yields the unique scalar manifold choice displayed in 



table 2.1, while in the other dimensions gives the results recalled above. 

Apart from the details of the specific case considered once a symplectic embedding is given 
there is a general formula one can write down for the period matrix M that guarantees symmetry 
(Af^ = Af) and the required transformation property ( 2.4.49| ). This is the first result I want to 
present. 

The real symplectic group Sp(2n, R) is defined as the set of all real 2n x 2n matrices 



A 



A B 
C D 



satisfying the first of equations (2.4.26), namely 



A^CA 



C 



where 



C = 



1 

-1 



(2.5.62) 



(2.5.63) 



(2.5.64) 



If we relax the condition that the matrix should be real but we still impose eq.(2.5.63) we obtain 
the definition of the complex symplectic group Sp(2n, C). It is a well known fact that the following 
isomorphism is true: 

Sp(2n, K) - USp(n, n) = Sp(2n, C) n U(n, n) (2.5.65) 

By definition an element S € USp (rT,n) is a complex matrix that satisfies simultaneously 
eq.(2.5.63) and a pseudounitarity condition, that is: 



1 
-1 



(2.5.66) 



° Actually, in order to be true, eq.(2.5.6C) requires that that the normaliser of Ti in Q bo the identity group, a 
condition that is verified in all the relevant examples 
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The general block form of the matrix S is: 

(T V* 



and eq.s (2.5.66) are equivalent to: 



The isomorphism of eq.(2.5.65) is explicitly realized by the so called Cay ley matrix: 



V2 



il 
-il 



via the relation: 



which yields: 



T^\[A-iB) + \{D + iC) 



CAC- 



V 



1 



(A-iB) 



{D + iC) 
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(2.5.67) 

(2.5.68) 

(2.5.69) 
(2.5.70) 

(2.5.71) 



When we set 1/ = we obtain the subgroup U(n) C USp(rT, n), that in the real basis is given by 
the subset of symplectic matrices of the form ^ ^ ) ' basic idea, to obtain the general 

formula for the period matrix, is that the symplectic embedding of the isometry group Q will 
be such that the isotropy subgroup Ti. d Q gets embedded into the maximal compact subgroup 
U(n), namely: 



C/-^USp(n, n) 



g D n^V{n) C USp(n,n) 



(2.5.72) 



If this condition is realized let L(0) be a parametrization of the coset G /H by means of coset 
representatives. By this we mean the following. Let (j)^ be local coordinates on the manifold 
G /Ti.: to each point (/) ^ G I'M, we assign an element L(0) G ^ in such a way that if 0' ^ (f), then no 
h H can exist such that L(0') = h{(j)) ■ h. In other words for each equivalence class of the coset 
(labelled by the coordinate 0) we c hoose o ne representative element I^{4>) of the class. Relying 
on the symplectic embedding of eq.( 2.5.72 ) we obtain a map: 



L(0) -^U(0) - I ^^^^ ^^^^^ 



£ USp(n,rt) 



(2.5.73) 



that associates to L(0) a coset representative of USp(n, n)/U(n). By construction ii cj)' cj) no 
unitary n xn matrix W can exist such that: 



O(0') = O(0) 



w 







w* 



(2.5.74) 



On the other hand let ^ S C/ be an element of the isometry group of G /"H. Via the symplectic 
embedding of eq.(2.5.72) we obtain a USp(?T, n) matrix 



(2.5.75) 
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such that 



n 







(2.5.76) 



where denotes the image of the point (j> e G /"H thro ugh ^ and ]¥{£ ,,(/)) is a sui table U (n) 
compensator depending both on ^ and 0. Combining eq.s ( 2.5.76 ),( 2.5.73|) , with eq.s ( 2.5.71 ) we 
immediately obtain: 



C/t(0) (A^ + ii?^)+C/t(0) (A^-iB^ 



Setting: 



M = 



Ul - u 



(2.5.77) 



(2.5.78) 



and using the result of eg. ( ^.5. 77 ) one verifies that the tr ansform ation rule ( 2.4.49 ) is verified. It 



is also an immediate consequence of the analogue of eq.s (2.5.' 
matrix in eq.(2.5.78) is symmetric 



satisfied by Uq and Ui that the 
(2.5.79) 



Eq. ( 2.5.78 ) is the masterformula derived in 1981 by Gaillard and Zumino [|6^. It explains the 
structure of the gauge field kinetic terms in all > 3 extended supergravity theories and also in 
those N = 2 theories where, the special Kdhler manifold SA4 is a homogeneous manifold G/Ti.. 
Similarly it applies to the kinetic terms of the three-forms in D — 8. In particular, using eq. 
(2.5.7S) we can easily retrieve the structure of A/" = 4 supergravity, on which I have more to say 
in the sequel. Actually, given the information (following from Af — A supersymmetry) that the 
scalar manifold is the following coset manifold (see table 2.1): 



M 



N=4 
scalar 



ST [6,n] 



l_SU(l,l 



SO(m,n) 



U(l) SO(m)oSO(n) 



(2.5.80) 



what we just need to study is the symplectic embedding of the coset manifolds ST [6, n] where 
n is the number vector multiplets in the theory. This is what I do next considering the general 
case of ST [m, n] manifolds. 

2.5.2 Symplectic embedding of the ST[m,n] homogeneous manifolds 

The first thing I should do is to justify the name I have given to the particular class of coset man- 
ifolds I propose to study. The letters ST stand for space-time and target space duality. Indeed, 
the isometry group of the ST[m,n\ manifolds defined in eq.( p.5.8C ) contains a factor (SU(1, 1)) 
whose transformations act as non-perturbative S'-dualities and another factor (SO(r7i,7i) whose 
transformations act as T-dualities, holding true at each order in string perturbation theory. Fur- 
thermore S is the traditional name given, in superstring theory, to the complex field obtained by 
combining together the dilaton D and axion A: 



S = A- iexp[L>] 



d^A = e^"'P'' B„ 



(2.5.81) 



while is the name usually given to the moduli-fields of the compactified target space. Now in 
string and supergravity applications S is identified with the complex coordinate on the manifold 
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^u(i')^"' ' '^hi-'^s the coordinates of the coset space so(m)^^so(7t) • Although as difFerentiable 

and metric manifolds the spaces ST [m, n] are just direct products of two factors (corresponding 
to the above mentioned different physical interpretation of the coordinates S and t^), from the 
point of view of the symplectic embedding and duality rotations they have to be regarded as a 
single entity. This is even more evident in the case m — 2,n — arbitrary, where the following 
theorem has been proven by Ferrara and Van Proeyen ||6^: ST [2, n] are the only special Kahler 
manifolds with a direct product structure. For the definition of special Kahler manifolds I refer 
to H. 

Moduli spaces of string compactifications and discrete duality groups In the J\f — A case to make 
direct contact with string theory compactifications, I can recall that the tree-level moduli space 
of the heterotic string compactified on a torus is 

M^:lu= ST[6,22] (2.5.82) 

the number of abelian gauge fields being 22 = 6 (moduli of T®) 016 (rank oi Es x Es )■ Because 
of the uniqueness of A/" — 4 supergravity the quantum moduli-space ST [6, 22] cannot be anything 
else but a manifold with the same covering space as ST [6, 22], namely a manifold with the same 
local structure. Indeed the only thing which is not fixed by A/" = 4 supersymmetry is the global 
structure of the scalar manifold. What actually comes out is the following result 

The homotopy group of the quantum moduli space: 

TTi (5T [6, 22]) = SL(2, Z) ® S0(6, 22, Z) (2.5.84) 

is just the restriction to the integers Z of the original continuous duality group SL(2,R) (g) 
S0(6, 22,R) associated with the manifold ST [6,22]. After modding by this discrete group the 
duality-rotations that survive as exact duality symmetries of the quantum theory are those con- 
tained in TTi (^ST [6, 22]) itself. This happens because of the Dirac quantization condition ^.4.40 



of electric and magnetic charges, the lattice spanned by these charges being invariant under the 



discrete group 2.5.84. At this junction the relevance, in the quantum theory, of the symplectic 
embedding should appear. What does restriction to the integers exactly, mean? It means that 
the image in Sp(56, M) of those matrices of SL(2, R) x S0(6, 22, M) that are retained as elements 
of TTi (^ST [6, 22]) should be integer valued. In other words we define: 

SL(2, Z) X S0(6, 22, Z) = is (SL(2, R) x S0(6, 22, R)) n Sp(56, Z) (2.5.85) 



As we see the statement in eq. (2.5.85) is dependent on the symplectic embedding. What is 
integer valued in one embedding is not integer valued in another embedding. This raises the 
question of the correct symplectic embedding. Such a question has two aspects: 

(i) Intrinsically inequivalent embeddings 

(ii) Symplectically equivalent embeddings that become inequivalent after gauging 

The first issue in the above list is group-theoretical in nature. When we say that the group G is 
embedded into Sp(2n, R) we must specify how this is done from the point of view of irreducible 
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representations. Group-theoretically the matter is settled by specifying how the fundamental 
representation of Sp(2n) splits into irreducible representations of Q: 



2n 



3Li 



D, 



(2.5.86) 



Once eq. (2.5.86) is given (in supersymmetric theories such information is provided by supersym- 
metry ) the only arbitrariness which is left is that of conjugation by arbitrary Sp(2n, M) matrices. 
Suppose we have determined an embedding tdclta that obeys law (2.5.86), then: 



V5 e Sp(2rT,M) 



= S 



o is o 



s- 



(2.5.87) 



will obey the same law. That in eq. ( ^.5.87| ) is a symplectic transformation t hat c orresponds to 
an allowed duality-rotation/field-redefinition in the abelian theory of type ( 2.4.6| ) discussed in 
the previous subsection. Therefore all abelian lagrangians related by such transformations are 
physically equivalent. 



Gaugings and Embeddings The matter changes in presence of gauging. When we switch on 
the gauge coupling constant and the electric charges, symplectic transformations cease to yield 
physically equivalent theories. This is the second issue in the above list. The choice of a symplectic 
gauge becomes physically significant. As I have emphasized in the introduction, the construction 
of supergravity theories proceeds in two steps. In the first step, which is the most extensive and 
complicated, one constructs the abelian theory: at that level the only relevant constraint is that 



encoded in eq. ( 2.5.86 ) and the choice of a symplectic gauge is immaterial. Actually one can write 
the entire theory in such a way that symplectic covariance is manifest. In the second step one 
gauges the theory. This breaks symplectic covariance and the choice of the correct symplectic 
gauge becomes a physical issue. 

These facts being cleared I proceed to discuss the symplectic embedding of the ST [m, n] 
manifolds. 

Let T] be the symmetric flat metric with signature (m,n) that defines the SO(rn,n) group, 
via the relation 

L e SO(m,n) r]L = ri (2.5.88) 

Both in the A/" = 4 and in the M —2 theory, the number of gauge fields is given by: 

#vector fields ^ m®n (2.5.89) 

m being the number of graviphotons, namely of vectors contained in the graviton multiplet and 
n being the number of vector multiplets. Hence we have to embed SO(m, n) into Sp(2m + 2n, M) 
and the explicit form of the decomposition in eq.( 2.5.86| ) required by supersymmetry is: 



2m + 2n^°^"''m + nem + n (2.5.90) 



where m + n denotes the fundamental representation of SO(m, n). Eq.(2.5.9C) is easily under- 
stood in physical terms. SO(r7i,7i) must be a T-duality group, namely a symmetry holding true 
order by order in perturbation theory. As such it must rotate electric field strengths into electric 
field strengths and magnetic field strengths into magnetic field strengths. The two irreducible 
representations into which the fundamental representation of the symplectic group decomposes 
when reduced to SO(m, n) correspond precisely to the electric and magnetic sectors, respectively. 
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In the simplest gauge the symplectic embedding satisfying eq.( 2.5.9"o| ) is block-diagonal and takes 
the form: 



VL e SO(m,n)=^ j G Sp(2to + 2n, M) (2.5.91) 

Consider instead the group SU(1,1) ~ SL(2,R). This is the factor in the isometry group of 
5T[m, n] that is going to act by means of S-duality non perturbative rotations. Typically it 
will rotate each electric field strength into its homologous magnetic one. Correspondingly su- 
persymmetry implies that its embedding into the symplectic group must satisfy the following 
condition: 

2m + 2n''^"^ e7i+" 2 (2.5.92) 

where 2 denotes the fundamental representation of SL(2,M). In addition it must commute with 
the embedding (2.5.91) of SO(m, n). Both conditions are fulfilled by setting: 

V f ° 5) e SL(2,R)'^ f e Sp(2m + 2n,M) (2.5.93) 



L 



c d J vi; \ crj dUL 

Utilizing eq.s ( 2.5.70|) the corresponding embeddings into the group USp(m + n,m + n) are 
immediately derived: 

V L e S0(™. »)- ( I <^ ! S) fil ) " + "• + 

(2.5.94) 

where the relation between the entries of the SU(1,1) matrix and those of the corresponding 
SL(2,M) matrix are provided by the relation ( p. 5. 71 ). 

Equipped with these relations we can proceed to derive the explicit form of the period matrix 

N. 

The homogeneous manifold SU(1, 1)/U(1) can be conveniently parametrized in terms of a 
single complex coordinate S*, whose physical interpretation will be that of axion-dilaton, according 
to eq. ( ^.5.81 ). The coset parametrization appropriate for comparison with other constructions 
(Dimensional reduction (see |Q)) is given by the matrices: 




To parametrize the coset SO(m, n)/SO(m) x SO(n) we can instead take the usual coset repre- 
sentatives (see for instance |67[|): 





HX) ^ \ ^ • ^ > ^ ,1/2 (2-5.96) 

where the mxn real matrix X provides a set of independent coordinates. Inserting these matrices 
into the embedding formulae of eq.s (2.5.94) we obtain a matrix: 

USp(n + rn, n + m) 9 ls (M(5)) o ls (L(X)) - ^Jj [Ji ^ (2.5.97) 
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that inserted into the master formula ( 2.5.7^ ) yields the following result: 

JV = ilmSr]h{X)L^{X)7j + ReSri (2.5.98) 
Alternatively, remarking that if L(X) is an SO(TO,n) matrix also L(X)' = rih{X)ri is such a 



matrix and represents the same equivalence class, we can rewrite (2.5.98) in the simpler form: 

TV = iIm5L(X)'L^'(X) + Re5?7 (2.5.99) 

2.6 Supergravities in five dimension and more scalar geometries 

The recent renewed interest in five-dimensional gauged supergravities stems from two develop- 
ments. On one hand we have the AdS^/CFT/^ correspondence between 

a superconformal gauge theories in _D = 4, viewed as the world volume description of a stack 
of D3-branes 

b type IIB supergravity compactified on AdS^ times a five-dimensional internal manifold 
which yields a gauged supergravity model in _D = 5 

On the other hand we have the quest for supersymmetric realizations of the Randall-Sundrum 
scenarios which also correspond to domain wall solutions of appropriate D = 5 gauged super- 
gravities. It is, however, noteworthy that five dimensional supergravity has a long and interesting 
history. The minimal theory {Af — 2), whose field content is given by the metric 17^,^, a doublet of 
pseudo Majorana gravitinos ipAfj. {A = 1,2) and a vector boson was constructed twenty years 
ago | |6^ as the first non-trivial example of a rheonomic construction^. This simple model remains 
to the present day the unique example of a perfectly geometric theory where, notwithstanding the 
presence of a gauge boson A^, the action can be written solely in terms of differential forms and 
wedge products without introducing Hodge duals. This feature puts pure D = 5 supergravity 
into a selective club of few ideal theories whose other members are just pure gravity in arbitrary 
dimension and pure Af = 1 supergravity in four dimensions. The miracle that allows the boson 
Afj, to propagate without introducing its kinetic term is due to the conspiracy of first order for- 
malism for the spin connection w"* together with the presence of two Chern-Simons terms. The 
first Chern Simons is the standard gauge one: 

CSgauge=F /\F /\A (2.6.1) 

while the second is a mixed, gravitational-gauge Chern Simons that reads as follows 

^T^AFAVa (2.6.2) 

where V"' is the vielbein and T" — W"' is its curvature, namely the torsion. 

The possible matter multiplets for Af = 2, D = 5 are the vector /tensor multiplets and the 
hypermultiplets. The field content of the first type of multiplets is the following one: 

Aj^ (1=1,..., nv) vectors 

X\ {i^l,...,nv + nT = n) (A = 1,2) I (2.6.3) 

{M = l,...,nT) tensors J 

where by ny I have denoted the number of vectors or gauge 1-forms A^, ut being instead the 
number of tensors or gauge 2-forms = —B-^. In ungauged supergravity, where everything 

® We leave aside pure = 1, D = 4 supergravity that from the rheonomic viewpoint is a completely trivial case. 
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is abelian, vectors and tensors are equivalent since they can be dualised into each other by means 
of the transformation: 

but in gauged supergravity it is only the 1-forms that can be promoted to non-abelian gauge 
vectors while the 2-forms describe massive degrees of freedom. The other members of each 
vector/tensor multiplet are a doublet of pseudo Majorana spin 1/2 fields: 

X\=e^^C (X'^'Y ; r'' = (A^)So ; A,B = 1,...,2. (2.6.5) 
and a real scalar The field content of hypermultiplets is the following: 

hypermultiplets = {q" (u = 1, . . . , 4 m) , C" (a = 1, • ■ • 2m)} (2.6.6) 

where, having denoted m the number of hypermultiplets, are m quadruplets of real scalar 
fields and are m doublets of pseudo Majorana spin 1/2 fields: 

C^C'^f'CiCf.f ; g = (C'')So ; a,/3=l,...,2m (2.6.7) 
the matrix — — C, = —1 being the symplectic invariant metric of Sp(2m,R). 



In the middle of the eighties Gunaydin Sierra and Townsend |69| |7C|] considered the general 
structure of A/" = 2,D = 5 supergravity coupled to an arbitrary number n — ny + «t of 
vector/tensor multiplets and discovered that this is dictated by a peculiar geometric structure 
imposed by supersymmetry on the scalar manifold SVn that contains the (j)^ scalars. In modern 
nomenclature this peculiar geometry is named very special geometry and SVn are referred 
to as real very special manifolds. The characterizing property of very special geometry arises 
from the need to reconcile the transformations of the scalar members of each multiplet with those 



of the vectors in presence of the Chern-Simons term (2.6.1) which generalizes to: 



Z:^^ = \ dAsr^t F% e^'^P"^ (2.6.. 



the symbol dAsr denoting some appropriate constant symmetric tensor and, having dualised all 
2-forms to vectors, the range of the indices A, E, F being: 

A = l,...,n + 1 = {q,I,,M) (2.6.9) 



Indeed the total number of vector fields, including the graviphoton that belongs to the graviton 
multiplet, is always n + 1, n being the number of vector multiplets. It turns out that very special 
geometry is completely defined in terms of the constant tensors c^AEr that are further restricted by 
a condition ensuring positivity of the energy. At the beginning of the nineties special manifolds 
were classified and thoroughly studied by de Wit, Van Proeyen and some other collaborators 
i jn] , [T^ , |73t who also explored the dimensional reduction from D — b io D = A, clarifying the 
way real very special geometry is mapped into the special Kdhler geometry featured by vector 
multiplets in D = 4 and generically related to Calabi-Yau moduli spaces. 

The 4m scalars of the hypermultiplet sector have instead exactly the same geometry in I? = 4 
as in D — b dimensions, namely they fill a quaternionic manifold QM.. These scalar geometries 
are a crucial ingredient in the construction of both the ungauged and the gauged supergravity 
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lagrangians. Indeed the basic operations involved by the gauging procedure are based on the 
specific geometric structures of very special and quaternionic manifolds, in particular the crucial 



existence of a moment-map (see sect. 3.4.1). For this reason the present section is devoted to a 
summary of these geometries and to an illustration of the general form of the bosonic D — 5 
lagrangians. Yet, before entering these mathematical topics, I want to recall the structure of 
maximally extended (Af = 8) supergravity in the same dimensions. Indeed it will be fruitful, in 
the next chapter, to see the general structure of the gauged theories and compare the Af — 8 
with the J\f = 2 case within a unified framework. 



As explained in section 2.3 (see in particular table 2.2) the scalar manifold of maximal 



supergravity in five-dimensions is the 42-dimensional homogeneous space: 

= ill) ^'-'-''^ 

The holonomy subgroup Ti. — USp(8) is the largest invariance group of complex linear transfor- 
mations that respects the pseudo-Major ana condition on the 8 gravitino 1-forms: 

= f^-^^C (^^)^ A = l,...,8. (2.6.11) 

where = —D,^^ is an antisymmetric 8x8 matrix such that fl^ = —1. Using these notations 
where the capital Latin indices transform in the fundamental 8-representation of USp(8) we can 
summarize the field content of the J\f — 8 graviton niultiplet as: 

i) the graviton field, namely the fiinfbein 1-form V"' 

ii) eight gravitinos ip"^ = tp^ dx^ in the 8 representation of USp(8) 

iii) 27 vector fields = Af^ dx^" in the 27 of E6(6)0 

iv) 48 dilatinos x^^^ in the 48 of USp(8) 

v) 42 scalars (j) that parametrize the coset manifold i?(6)6/USp(8). They appear in the theory 
through the coset representative 'Lj^^{<f)), which is regarded as covariant in the (27, 27) of 
USp(8) X Egj-g). This means the following. Since the fundamental 27 (real) representation 
of Eg(g) remains irreducible under reduction to the subgroup USp(8) C Eg(g) it follows 
that there exists a constant intertwining 27 x 27 matrix that transforms the index 
^ running in the fundamental of Eg(g) into an antisymmetric pair of indices with the 
additional property that ^ab = which is the definition of the 27 of USp(8). The coset 
representative we use is to be interpreted as L^"^-^((/)) — iJ^I^^ . 

The construction of the ungauged theory proceeds then through well established general steps and 
the basic ingredients, namely the USp(8) connection in the 36 adjoint representation Qj^^ and 
the scalar vielbein jy^BCD (f^Uy antisymmetric in ABCD) are extracted from the left -invariant 
1-form on the scalar coset according to: 

|T -1 A .|T CD _ Q CD .-p CD 
^AB ^^A — ^AB + I AB 

Q CD _c)AC Q D] 
^AB -^'^[A^B] 

Vab^"" = nAE^BF 7^^^^^ (2.6.12) 

which is fully analogous to eq.(3.3.34) that applies to the D — A case and to the E7(7')/SU(8) 



coset. 

In the ungauged theory all two-forms have been dualized to vectors 
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Independently from the number of supersymmetries we can write a general form for the 
bosonic action of any D = 5 ungauged supergravity, namely the following one: 



+ ^dAsr e'"-"^^ F;^, Ff, (2.6.13) 

where gij is the metric of the scalar manifold Aiscaiar : J^at,{4') is a positive definite symmetric 
function of the scalars that under the isomctry group Qiso of M. scalar transforms in (S^sj/m 
having denoted by R a linear representation of Qiso to which the vector fields are assigned. 
Finally dAsr is a three-index symmetric tensor invariant with respect to the representation R. 
At this point we invite the reader to compare the above statements with the general discussion 
of section ^.2.1 , in particular points B and C. As stated in eq. ( 2.2.4 ) the automorphism group 



of A/'-extended supersymmetry (which in D = 5 is USp(A/') due to pseudo Majorana fermions) 
must be contained as a factor in the holonomy group of the scalar manifold. On the other hand 
the Pi + 1-forms must be assigned to linear representations Di of the isomctry group for M scalar- 
In our case having dualised the two forms we just have vectors, namely p ^- \ — 1-forms and the 
representation R is the only Di we need to discuss. In the four-dimensional case the construction 



of the lagrangian was mainly dictated by the symplectic embedding of eq.(2.5.61). Indeed, since 
the 1-forms are self-dual in 13 = 4, then the isometries of the scalar manifolds must be realized 
on the vectors as symplectic duality symmetries, according to the general discussion of section 



2.4. In five dimensions, where no such duality symmetry can be realized, the isomctry of the 



scalar manifold has to be linearly realized on the vectors in such a way as to make it an exact 



symmetry of the lagrangian (2.6.13). This explains while the kinetic matrix M must transform 



in the representation (^^^^^ R 

In maximal A/" = 8 supergravity the items involved in the construction of the bosonic la- 
grangian have the following values: 

(i) The scalar metric is the i?6(6) invariant metric on the coset ( ^.6.10| ), namely: 

9^, = \P^'''''' Pabcdvj (2.6.14) 

(ii) The vector kinetic metric is given by the following quadratic form in terms of the coset 
representative: 

AAas = 4 (La^^ Ls^^ VLac ^bd) (2.6.15) 

(iii) The representation R is the fundamental 27 of i?6(6) 

(iv) The tensor dAEr is the coefficient of the cubic invariant of i?6(6) ij^ the 27 representation. 

To see how the same items are realized in the case of an A/" = 2 theory we have to introduce very 
special and quaternionic geometry. Just before entering this it is worth nothing that also the 
supersymmetry transformation rule of the gravitino field admits a general form (once restricted 
to the purely bosonic terms), namely: 

5il>At, ^V^eA-^ Tab (dt^p > ~ ^ e^P'^A^ 1^"^ (2.6.16) 

where the indices A, B run in the fundamental representation of the automorphism (R-symmetry) 
group USp(A/') and the tensor T^^, antisymmetric both in AB and in pa and named the gravipho- 
ton field strength, is given by: 

rrs^^BW^A^F^^"' (2.6.17) 
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the scalar field dependent tensor X^g{(j)) being intrinsically defined as the coefhcient of the term 
e"* ipf^ in the supersymmetry transformation rule of the vector field A^, namely: 

6A^^^... + 2i^%m^i^!^ (2.6.18) 

From its own definition it follows that under isometrics of the scalar manifold $^^(0) must 
transform in the representation R of Qiso times Af of the R-symmetry USp(A/'). In the case 
of A/" = 8 supergravity the tensor $^^(0) is simply the inverse coset representative: 

^UW = (2.6.19) 

We see in the next subsection how the same object is generally realized in an A/" 2 theory via 
very special geometry. 



2.6.1 Very special geometry 

Very special geometry is the peculiar metric and associated Riemannian structure that can be 
constructed on a very special manifold. By definition a very special manifold VSn is a real 
manifold of dimension n that can be represented as the following algebraic locus in R""''^: 



1 = N(X) = ^/dASA X^X^X'^ (2.6.20) 

where X^ (A = 1, . . . , n + 1) are the coordinates of R"+^ while 

dAsA (2.6.21) 

is a constant symmetric tensor fulfilling some additional defining properties that I will recall 
later on. 

A coordinate system 0* on VSn is provided by any parametric solution of eq.(2.6.20) such 

that: 

X^ = X^{4>) ; = free ; i = 1, . . . , n (2.6.22) 

The very special metric on the very special manifold is nothing else but the pull-back on the 
algebraic surface ( 2.6.20| ) of the following M"+^ metric: 

ds^r^+i = Was dX^ ® dX^ (2.6.23) 
A/'ae = - OaOt. In N(X) (2.6.24) 

In other words in any coordinate frame the coefficients of the very special metric are the following 
ones: 

g,,{4>) ^ Ma^ ft ff (2.6.25) 
where we have introduced the new objects: 

ft ^ = (2.6.26) 

If we also define 

Fa - ^ In N(X) ; hA^ = O^Fa (2.6.27) 
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and introduce the 2(n + l)-vectors: 



U = 



ft 



(2.6.28) 



taking a second covariant derivative it can be shown that the foUowing identity is true: 



(2.6.29) 



where the world-index symmetric coordinate dependent tensor Tijk is related to the constant 
tensor c?Ars by: 



20 2 8 

rfArs = ^ Fa i^r - - N^^v i^s) + i^T,,k g'^g'^g'^'' hAp hr^ h^r 



(2.6.30) 



The identity ( 2.6.29 ) is the real counterpart of a completely similar identity that holds true in 
special Kahler geometry and also defines a symmetric 3-index tensor. In the use of very special 
geometry to construct a supersymmetric field theory the essential property is the existence of the 
section X-^{(j)). Indeed it is this object that allows the writing of the tensor ^^si't') appearing 
in the vector transformation rule (2.6.18). It suffice to set: 



$%(0)=X^(0) eAB 



(2.6.31) 



Why do we call it a section? Since it is just a section of a flat vector bundle of rank n + 1 

FB ^ SVn (2.6.32) 

with base manifold the very special manifold and structural group some subgroup of the n + 1 
dimensional linear group: Qiso C GL(n + l,M). The bundle is flat because the transition functions 
from one local trivialization to another one are constant matrices: 



X^[g(i)) = {M[g])\ X^{(t>) ; M[g] = constant matrix 



(2.6.33) 



The structural group Qiso is implicitly defined as the set of matrices M that leave the dArs tensor 
invariant: 



(2.6.34) 



Since the very special metric is defined by eq.( 2.6.2"5| ) it immediately follows that Qi^o is also the 
isometry group of such a metric, its action in any coordinate patch ( 2.6.22| ) being defined by the 
action ( ^.6.33 ) on the section X^. This fact explains the name given to this group. 

By means of this reasoning I have shown that the classification of very special manifolds is 
fully reduced to the classification of the constant tensors dArs such that their group of invariances 
acts transitively on the manifold SVn defined by eq. ( 2.6.20 ) and that the special metric ( 2.6.25 ) 
is positive definite. This is the algebraic problem that was completely solved by de Wit and Van 
Proeyen in ||7^. They found all such tensors and the corresponding manifolds. There is a large 
subclass of very special manifolds that are homogeneous spaces but there are also infinite families 
of manifolds that are not Q/H cosets. 



Supergravities in five dimension and more scalar geometries 



44 



2.6.2 The very special geometry of the S0(1, 1) x S0(1, n)/SO(n) manifold 
As an example of very special manifold we consider the following class of homogeneous spaces: 

SO(l,n) 



nT[n] = S0(1,1) 



SO(n) 



(2.6.35) 



This example is particularly simple and relevant to string theory because reducing it on a circle 
from five to four dimensions one finds a supergravity model where the special Kahler geometry 
is that of the ST[2, n] manifolds described in the previous sections. 

To see that the TZT[n] are indeed very special manifolds we consider the following instance 
of cubic norm: 



N(X) = VC(X) 

c(x) = (x+x- - x^) ; x^ = J2{xy 



1=1 



It is immediately verified that the infinitesimal linear transformations 
leave the cubic polynomial C(X) invariant are the following ones: 
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(2.6.36) 
(2.6.37) 

X^ + 5X^ that 
(2.6.38) 

(2.6.39) 



(2.6.40) 



(2.6.41) 
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A"^ = -A e SO(r) (2.6.42) 



The transformation (5a generates an S0(1, 1) group that commutes with the SO(l,r + 1) group 
generated by the transformations ^u, (5v and 5 a, hence the symmetry group of the symmetric 
tensor: 

r rfo+- = 1 

dKllT = < doirn = Sim (2.6.43) 

1 otherwise 

defined by the cubic polynomial C(X) is indeed the group S0(1, 1) x SO(l,n). This is quite 
simple and evident. What is important is that the same group has also a transitive action 
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on the manifold defined by the equation C(X) = 1 that can be identified with the product 
S0(1,1) X S0(1, n)/S0(2). To verify this statement it suffices to consider that the quadratic 
equation 

H+H- - = 1 (2.6.44) 

defines the homogeneous manifold S0(1, n)/S0(2) on which S0(1, n) has a transitive action. For 
instance we can use as independent r + 1 coordinates the following ones: 

</)" = i/+ ; / = (£=l,...,r) ^ i/- = i±^ (2.6.45) 

and then it suffices to set: 

- e-^^ ; {X+,X-,X) - H[</)]) (2.6.46) 

to obtain a parametrization of the section X in terms of coordinates a, (p of the manifold S0(1, 1) x 
S0(1, n)/S0(2). This achieves the desired proof that the group Qjso has a transitive action on 



the special manifold and consequently that the cubic norm ( 2.6.36 ), ( 2.6.37 ) is admissible as a 
definition of a very special manifold 

2.6.3 Quaternionic Geometry 

Next I turn my attention to the hypermultiplet sector of an J\f = 2 supergravity. For these 
multiplets no distinction arises between the D — 4 and D — 5. Each hypermultiplet contains 4 
real scalar fields and, at least locally, they can be regarded as the four components of a quaternion. 
The locality caveat is, in this case, very substantial because global quaternionic coordinates can 
be constructed only occasionally even on those manifolds that are denominated quaternionic in 
the mathematical literature jSTj , [ [77| . Anyhow, what is important is that, in the hypermultiplet 
sector, the scalar manifold QA4 has dimension multiple of four: 

dimn QM = Am = 4 # of hypermultiplets (2.6.47) 

and, in some appropriate sense, it has a quaternionic structure. 

We name Hyper geometry that pertaining to the hypermultiplet sector, irrespectively whether 
we deal with global or local N=2 theories. Yet there are two kinds of hypergeometries. Super- 
symmetry requires the existence of a principal SU(2)-bundle 

SU — > QM (2.6.48) 

The bundle SU is flat in the rigid supersymmetry case while its curvature is proportional to the 
Kahler forms in the local case. 

These two versions of hypergeometry were already known in mathematics prior to their use 



[7q|, [|79{, 1 80 , in the context of A/" = 2 supersymmetry and are identified as: 



rigid hypergeometry = HyperKahler geometry. 

local hypergeometry = quaternionic geometry (2.6.49) 
2.6.3.1 Quaternionic, versus HyperKahler manifolds 

Both a quaternionic or a HyperKahler manifold QM is a 4m-dimensional real manifold endowed 
with a metric h: 

ds'^ = huv{q)dq'^ ® dq"" ; u, i; = 1, . . . , 4m (2.6.50) 
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and three complex structures 

(J"): TiQM) ^ T{QM) {x = 1,2,3) (2.6.51) 
that satisfy the quaternionic algebra 

j^jy = _s^y 1 ^xyzjz (2.6.52) 

and respect to which the metric is hermitian: 

VX,YeTQAl: /i ( J^X, J^Y) = /i (X, Y) (.t = 1,2,3) (2.6.53) 



From eq. (2.6.52) it follows that one can introduce a triplet of 2-forms 

= K'tJq^Sdq^ ■ Kl^ = /in«,(J"):r (2.6.54) 

that provides the generalization of the concept of Kahler form occurring in the complex case. 
The triplet if^ is named the HyperKdhler form. It is an SU(2) Lie-algebra valued 2-form in 
the same way as the Kahler form is a C/(l) Lie-algebra valued 2-form. In the complex case the 
definition of Kahler manifold involves the statement that the Kahler 2-form is closed. At the 
same time in Hodge-Kahler manifolds (those appropriate to local supersymmetry in £> = 4 ) the 
Kahler 2-form can be identified with the curvature of a line-bundle which in the case of rigid 
supersymmetry is flat. Similar steps can be taken also here and lead to two possibilities: either 
HyperKahler or quaternionic manifolds. 



Let us introduce a principal SU(2)-bundle SU as defined in eq. ( 2.6.48| ). Let denote 
a connection on such a bundle. To obtain either a HyperKahler or a quaternionic manifold we 
must impose the condition that the HyperKahler 2-form is covariantly closed with respect to the 
connection uj^ : 

VK'-" = dK'-" + e'y-ijjy A if ^ = (2.6.55) 
The only difference between the two kinds of geometries resides in the structure of the 5Z^-bundle. 



Definition 2.6.1. A HyperKahler manifold is a 4TO-dimensional manifold with the structure de- 
scribed above and such that the SU-h\m(i\e is flat 

Defining the 5ZY-curvature by: 

17^ = duj"" + le^^^w^ A (2.6.56) 

in the HyperKahler case we have: 

= (2.6.57) 

Viceversa 

Definition 2.6.2. A quaternionic manifold is a 4m-dimensional manifold with the structure de- 
scribed above and such that the curvature of the SlA-bxmdle is proportional to the HyperKahler 
2-form 

Hence, in the quaternionic case we can write: 



(2.6.58) 
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where A is a non vanishing real number. 

As a consequence of the above structure the manifold QA4 has a holonomy group of the 
following type: 



Hol(QA^) = SU(2) (g) n (quaternionic) 
Hol(QA^) = l(Sn (HyperKahler) 
n C Sp{2m, R) 



(2.6.59) 



In both cases, introducing flat indices {A, B,C = 1, 2}{a, /?, 7 = 1, .., 2m} that run, respectively, 
in the fundamental representations of SU(2) and Sp(2m, R), we can find a vielbein 1-form 



such that 



a.p^AB 



(2.6.60) 



(2.6.61) 



where <Caf3 = —Cpa and eAB — —^ba are, respectively, the flat Sp(2m) and Sp(2) ~ SU(2) 
invariant metrics. The vielbein U^" is covariantly closed with respect to the SU(2)-conncction 
uj^ and to some Sp(2m, M)-Lie Algebra valued connection A"^ = A^": 



Aa 



(2.6.62) 



where (cr^)^'^ are the standard Pauli matrices. Furthermore U^" satisfies the reality condition: 



(2.6.63) 



Eq. ( 2.6.63| ) defines the rule to lower the symplectic indices by means of the flat symplectic metrics 
eAB and Ca/3. More specifically we can write a stronger version of eq. (2.6.61) [|2|: 



AB 



We have also the inverse vielbein defined by the equation 

'^Aa'^v — "v 

Flattening a pair of indices of the Riemann tensor 7?,""j^ we obtain 



Brr^af) 



where R"/ is the field strength of the Sp(2m) connection: 



(2.6.64) 
(2.6.65) 

(2.6.66) 
(2.6.67) 



Eq. (2.6.66) is the explicit statement that the Levi Civita connection associated with the metric 
h has a holonomy group contained in SU(2) ® Sp(2to). Consider now eq.s (2.6.52), (2.6.54) and 
( 2.6.58| ). We easily deduce the following relation: 



(2.6.68) 
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that holds true both in the HyperKahler and in the quaternionic case. In the latter case, using 
eq. (|A5|), eq. (|A6|) can be rewritten as follows: 



(2.6.69) 



Eq. ( 2.6.6E ) implies that the intrinsic components of the curvature 2-form fi^ yield a representation 
of the quaternion algebra. In the HyperKahler case such a representation is provided only by the 
HyperKahler form. In the quaternionic case we can write: 



(2.6.70) 



Alternatively eq.(2.6.7C) can be rewritten in an intrinsic form as 

= -iXCa(3{'Jx)A'^^CBU°"^ aW^^ (2.6.71) 

whence we also get: 

^n^a^)^"" - XUAa/\U'''' (2.6.72) 
The quaternionic manifolds are not requested to be homogeneous spaces, however there exists 



a subclass of quaternionic homogeneous spaces that are displayed in Table 2.3 



Table 2.3. Homogeneous symmetric quaternionic manifolds 



m 


G/H 


m 


Sp(2m + 2) 
Sp(2)xSp(2m) 


m 


SU(m,2) 
S(7{m) xSU{2)x!7(l) 


m 


SO{4,m) 
SO{4)xSO{m) 


2 


G2 
SO(4) 


7 


F4 

Sp(6)xSp(2) 


10 


SU(6)xC/(l) 


16 


S0(12)xSU{2) 


28 


i5« 

B7XSU(2) 
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2.6.4 J\f ~ 2, D — 5 supergravity before gauging 



Relying on the geometric lore developed in the previous sections it is now easy to state what is 
the bosonic Lagrangian of a general Af = 2 theory in five-dimensions. We just have to choose 
an n-dimensional very special manifold and some quaternionic manifold QM of quaternionic 
dimension m. Then recalling eq.(2.6.13) we can specialize it to: 



^{ungauged) 



(2.6.73) 



where (g) is the quaternionic metric on the quaternionic manifold QM , while gij {(f>) is the 
very special metric on the very special manifold. At the same time the constant tensor dAsr is 
that defining the cubic norm ( ^.6.2C ) while the kinetic metric Af is that defined in eq.(2.6.24). 
The transformation rule of the gravitino field takes the general form (2.6.16) with the graviphoton 
defined as in eq.(2.6.17) and the tensor given by eq.(2.6.31). In this respect it is noteworthy 
that gravitino supersymmetry transformation rule does depend only on the vector multiplet 
scalars and it is independent from the hypermultiplets. Such a situation will be changed by the 
gauging that introduces a gravitino mass-matrix depending also on the hypermultiplets. 



Chapter 3 



Supergravity Gaugings 



3.1 Gaugings and Vacua 

The conventional lore is that a vacuum of gravity or supergravity is a configuration with maximal 
symmetry, namely with Lorentz invariance S0(1,D— f) in D-dimensions. Adding translation 
invariance one ends up with cither Poincare or de Sitter or anti de Sitter symmetry which forces 
the vacuum expectation values of all scalar fields to be constant. The new insight provided by the 
role of the domain wall solutions and by the developments discussed in chapter |l| suggests that we 
might also consider vacua where there is Poincare invariance in one dimension less IS0(1, D — 2) 
and where the vacuum value of the scalar fields depends on the last Dth coordinate. These are 
precisely the domain wall vacua which are e xpe cted to be a distinguished property of gauged 



supergravities. Yet, as I explained in section 1.4, these wall geometries are like solitons or kinks 



that interpolate between conventional vacua. Conventional vacua are also effectively characterized 
by their properties with respect to supersymmetry breaking or preservation. Hence I begin my 
analysis of the supergravity gaugings by recalling the general properties of conventional vacua 
and of the possible supersymmetry breaking patterns, that, as it will immediately appear, encode 
fundamental information about the basic new ingredients produced by the gaugings, namely the 
fermion shifts. 



3.2 General aspects of supergravity gaugings and susy breaking 

Let me begin by recalling some very general aspects of the super-Higgs mechanism in extended 
supergravity that were codified in the literature of the early and middle eighties ||8^, |85 , 86 1 (for 
a review see chapter II. 8 of ||6^ ) and were further analyzed and extended in the middle nineties 
|8^ , ^ |9C|] . Because of the fundamental property of extended supergravity that the scalar 
potential is generated by the gauging procedure, the discussion of spontaneous supersymmetry 
breaking goes hand in hand with the discussion of possible gaugings. 



3.2.1 Supersymmetry breaking in conventional vacua 

A conventional vacuum of p + 2-dimensional supergravity corresponds to a space-time geometry 
with a maximally extended group of isometrics, namely with ^{p + 2){p + 3) Killing vectors. This 
means that the metric ds^ = g^^dx^^dx'^ necessarily has constant curvature in |5 + 2-dimensions 



50 



General aspects of supergravity gaugings and susy breaking 51 



and is one of the following three: 



M 



space time 



AdSp+2 

Minkowskip+2 
dSp+2 



negative curvature 
zero curvature 
positive curvature 



(3.2.1) 



At the same time, in order to be consistent with this maximal symmetry, the v.e.v.s of the scalar 
fields, < 0' >= must be constant and be extrema of the scalar potential: 



dV 

w 



= 



(3.2.2) 



<l'=4>o 



Minkowski space occurs when V(0o) — 0, anti de Sitter space AdSp+2 occurs when V{(j)o) < 
and finally de Sitter space dSp+2 is generated by V(0o) > 0. To be definite I focus on the 4- 
dimensional case, but all the mechanisms and properties I describe below have straightforward 
counterparts in higher dimensions. In particular I will apply them to the 5-dimensional case in 
section ^.4[ . So let me state that in relation with the super-Higgs mechanism, there are just three 
relevant items of the entire D = A supergravity construction that have to be considered. 

(i) The gravitino mass matrix Sab{4') i namely the non-derivative scalar field dependent term 
that appears in the gravitino supersymmetry transformation rule: 



SipAlf^ =Vf_,eA + Sab {(j)) "f^,e^ + . . . , 
and reappears as a mass term in the Lagrangian: 

£SUGRA ^ ^ ^^^3^ {SAB{^)i^^j'-^!^ + S^''{cb)^JAl,r-'i'B\.) 



(3.2.3) 



(3.2.4) 



(ii) The fermion shifts, namely the non-derivative scalar field dependent terms in the supersym- 
metry transformation rule of the spin i fields : 



S = derivative terms -I- S^* {(f>) , 
(5 = derivative terms + S^'* {(f>) . 



(3.2.5) 



(iii) The scalar potential itself, V(0). 



These three items are related by a general supersymmetry Ward identity, firstly discovered in the 
context of gauged Af = 8 supergravity [qi] and later extended to all supergravities [s^, Q , 
that, in the conventions of M, 03, B^, M] reads as follows: 



24 Sac S' 



CB 



4if„I]/S^I^ - -<5|V 



(3.2.6) 



where Ki,j is the kinetic matrix of the spin-1/2 fermions. The numerical coefficients appearing in 
( ^.2.6| ) depend on the normalization of the kinetic terms of the fermions, while A, S, . . . = 1, . . . , A/" 
are SU(A/') indices that enumerate the supersymmetry charges. We also follow the standard 
convention that the upper or lower position of such indices denotes definite chiral projections of 
Majorana spinors, right or left depending on the species of fermions considered^. The position 
denotes also the way of transforming of the fermion with respect to SU(A/'), with lower indices in 
the fundamental and upper indices in the fundamental bar. In this way we have S^^ = {Sab)* 



For instance, we have 75 eA = and 75 
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and i:J = (E-^l*)*. Finally, the index i is a collective index that enumerates all spin-1/2 fermions 
A* present in the theory^. 

The corresponding fermion shifts are defined by 



6 A' = derivative terms + S^* {(jj) 



(3.2.7) 



A vacuum configuration (f>Q that preserves Aq supersymmetries is characterized by the exis- 
tence of A/q vectors p^-j {£ — 1, . . . , A/q) of SU(A/'), such that 



Sab {M Pti) - / 

^/ (M pft) = : 



-V(0o) 
24 



PA{1) 



where 6 is an irrelevant phase. Indeed, consider the spinor 



(3.2.. 



(3.2.9) 



where e^^\x) are Ao independent solutions of the equation for covariantly constant spinors in 
AdS4 (or Minkowski space) with 2 e = -V {4>o) / 2A: 



D^^^^hix) EE {da - - 2e757a)e(x) = , 



(3.2.10) 



The integrability of eq.( 3.2.ld| ) is guaranteed by the expression of the AdS4 curvature, i?"''^,^ = 
— 16e^5°|, that corresponds to the Ricci tensor: 



7?.ab = -24e ?7ab = ^V(0o)??ab, 



(3.2.11) 



Then it follows that under supersymmetry transformations of parameter (3.2.9) the chosen vac- 
uum configuration = </)o is invariant^. That such a configuration is a true vacuum follows 
from another property proved, for instance, in [p6[: all vacua that admit at least one vector 



p satisfying eq. (3.2.8) are automatically extrema of the potential, namely they satisfy eq. 



(3.2.2). Furthermore, as one can immediately check, the action (1.4.30), for constant sc alar fie ld 



configurations implies that the Ricci tensor must be TZ^i, = ^ V((/>o) 5^1/ as in equation ( 3.2.11 ). 

The above integrability argument can be easily generalized to all dimensions and to all 
numbers of supersymmetries A/". Consider a supergravity action in D dimensions that, once 
reduced to the gravitational plus scalar field sector, has the same normalization as the action 



(1.4.3C) considered in section 1.4, namely: 



A 



[D] 

grav-^scal 



^9 



(3.2.12) 



where a is a normalization constant that can vary from case to case since it can always be 
reabsorbed into the definition of the scalar metric but the scalar potential V has an unambiguous 



zero under supersymmetry transformations of parameters ( |3.2.9[ ). 



ones 



^ We denote by A' the right handed chiral projection while are the left han 

^ As already stressed, the v.e.v.s of all the fermions are z ero an d equation (3.2.5) guarantees that they remain 
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and unique normalization with respect to the Einstein term. For constant field configurations (jjQ 



the Einstein equations derived from (3.2.12) imply that: 



2CD^V(0o)5m- (3.2.13) 



Then the Riemann tensor of an anti de Sitter space AdSjj consistent with eq. ( 3.2.13D is neces- 
sarily the following: 

Kl = Jiy^^y^)^iMSts:] (3.2.14) 
Consider next the equation for a covariantly constant spinor in AdSo- Its general form is: 

7?(AdS)g ^ P^^(^) - /i7^ e = (a^ - ia;^^^76c - = , (3.2.15) 

where the parameter /i is fixed by integrability in terms of the vacuum value of potential V{(j)o). 
Indeed from the condition /j^^'^^^/j^^'*^) = we immediately get: 



,2 _ 1 |V(<^0)| 



(3.2.16) 



4 (D- l){D-2) 

On the other hand the general form of the gravitino transformation rule is, independently from 



the number of space-time dimensions, that given in eq. (3.2.3), so that, in a conventional vacuum 
with an unbroken supersymmetry /i is to be interpreted as eigenvalue of the gravitino mass- 
matrix. So the general conditions for the preservation of Aq supersymmetries in D dimensions are 
fully analogous to those in eq. ( ^.2.S ) and correspond to the existence of A/q independent vectors 
^(^) (^ = I' ■ • ■ '-^o), such that: 



Sab (0o) pfi) = e'" \J 4(D-2)'(g-i y PM^) ' 

(0o) pf,) = , (3.2.17) 

By extension of language the vectors are named Killing spinors 
3.2.2 Gaugings and fermion shifts 

As we have already recalled few lines above the most important general feature of extended 
Af > 2 supergravities in D = 4, is that the fermion shifts and the gravitino mass-matrix are 
uniquely determined by the gauging of the theory and are proportional to the gauge group 
coupling constants gi. Indeed there are very general formulae for these objects expressing them 
in terms of geometrical data of the scalar manifold and of the structure constants of the gauge 
group (or of representation matrices if, in addition to vector multiplets, also hyper-multiplets are 
present). Hyper-multiplets are present only for the case Af — 2, whose most general form and 
gauging is discussed in |Q and whose partial breaking is discussed in |8^, |8^ . 

For Af > 5 hyper and vector multiplets are absent and the scalar manifold is a uniquely fixed 
non-compact coset space as we have already stressed in chapter ||. For Af ~ 3,4 there are no 
hyper-multiplets and, in addition to the graviton multiplet, there are at most vector multiplets. 
Also in this case, the geometry of the scalar manifold is fixed to be that of a non-compact coset 



space (see tabic 2.1). Similar considerations apply to higher dimensions. Indeed we can conclude 



that for all theories with a number of supercharges Nq > 8 which kind of supersymmetry breaking 



Gaugings ofJ\f — 8 Supergravity in D = A 



54 



patterns and which kind of domain wall solutions can be obtained depends uniquely on the choice 
of a gauging. Indeed both the above aspects, besides being intimately related, are controlled by 
the scalar potential and the latter is uniquely determined by the gauging procedure. 

So I discuss the general properties of gauging beginning with maximal theories where the 
number of gauge fields is fixed and just the gauge algebra has to be chosen. Non-maximal theories 
where the matter multiplets come into play will be addressed later choosing the physically relevant 
5-dimensional case. 



3.3 Gaugings of A/^ = 8 Supergravity in D = 4 

To illustrate the general ideas in a case of maximal supersymmetry, I consider the possible 
gaugings of the A/" = 8 theory in four dimensions. The complete classification that can be reached 
in this case constitutes an inspiring model for the analogous problem in maximal 5-dimensional 
supergravity. Relying on the comparison with the Z? = 4 case we shall be better equipped to 
appreciate the additional subtleties occurring in five-dimensions. In turn the comparison at fixed 
space-time dimension D = 5 between the maximal and non maximal matter coupled theory will 
be of special value. 

So coming to the present N = 8,D = 4 case we recall that here there is no other multiplet 
besides the graviton multiplet which contains the graviton 5^1,, 8 gravitinos ipAliidx'^, 28 one- 
form gauge fields dx^ = dx^ transfo rming in the 28 antisymmetric representation of 
the electric subgroup SL(8,M) C £7(7) (see eq.( 4.5.26 )), 56 spin 1/2 dilatinos xabc = IbXABC 



(anti-symmetric in ABC) and 70 scalars parametrizing the E7(7)/SU(8) coset manifold. I have 
labeled the vector fields with a pair of antisymmetric indices each of them ranging on 8 values 
A, E, A, n, = 1, . . . , 8 and transforming in the fundamental representation of SL(8, M). The capital 
latin indices carried by the fermionic fields range also on eight values A, i?, C, = 1, . . . , 8 but they 
are covariant under the maximal compact subgroup SU(8) C £7(7) rather than the non compact 
SL(8,M) C £7(7). As in previous sections, also here I use the convention that upper and lower 
SU(8) indices denote different chirality projections of the fermion fields: = — 75'0^ and 



3.3.1 The bosonic action 

In these notations, the bosonic action of the theory is 

+ -Rc Ma^ta-^F^J^^'F^^ + Vi^)j (3.3.1) 

where the scalar metric gij (0) and the vector kinetic metric A/asita are uniquely determined in 
terms of coset representatives and left-invariant 1-forms of E7(7)/SU(8). Following the general 
set up of chapter ^ we name L((/)) the coset representative parametrizing the equivalence classes 
of E7(7)/SU(8). 

Since the gauging procedure is completely coordinate free the choice of a coset parametriza- 
tion is completely immaterial in the following discussion. Just to fix ideas and to avoide the 



* For later convenience we have slightly changed the conventions used in the general discussion of section 



2.4 
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technicalities of the solvable decomposition we can think of L(</)) as the exponential of the 70- 
dimensional coset K in the orthogonal decomposition: 

E7(7) = SU(8) ® K (3.3.2) 

In practice this means that we can write: 

where the 70 parameters cf)ABCD satisfy the self-duality condition ^ : 

4>ABCD — -^^£ABCDEFGH(t'^^'^^ (3.3.4) 



According to eq.(2.5.7S) the period matrix A/as, An has the following general expression: 

A^As.An = h ■ (3.3.5) 

where the complex 28 x 28 matrices /, h are defined by the realization hjjsp (</>) of the coset 
representative in the Usp(28, 28) complex basis. This latter is related to its counterpart hspicj)) 
in the real Sp(56, R) basis, by a Cayley transformation, as displayed in the following formula (see 
eq.s ( |2X69| ) and ( |2X70| )): 



Ls,(0)^exp[0'T.] = (^{2 D^)) (3.3.6) 

As explained in there are actually four bases where the 56 x 56 matrix L(0) can be written: 

(i) The SpD(56)-basis 

(ii) The UspD(28, 28)-basis 

(iii) The SpY(56)-basis 

(iv) The UspY(28, 28)-basis 

corresponding to two cases where L is symplectic real (SpD(56),SpY(56)) and two cases where it 
is pseudo-unitary symplectic (UspD(56),UspY(56)). This further distinction in a pair of subcases 
corresponds to choosing cither a basis composed of weights or of Young tableaux. By relying 



on (3.3.3) I have chosen to utilize the UspY(28, 28)-basis which is directly related to the SU(8) 
indices carried by the fundamental fields of supergravity. However, for the description of the 
gauge generators the Dynkin basis is more convenient. We can optimize the advantages of both 
bases introducing a mixed one where the coset representative L is multiplied on the left by the 
constant matrix S performing the transition from the pseudo-unitary Young basis to the real 
symplectic Dynkin basis. Explicitly we have: 

(3.3.7) 

® Here we have used the notation, (p^^^^ = {4>abcd)* 
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where 



s- ( s Mc-^f ^ 



(3.3. 



the 28 X 28 matrix S being unitary: 



S^S = 1 (3.3.9) 

The exphcit form of the U(28) matrix S was obtained in section 5.4 of and has the foUowing 
exphcit expression: 

\/2S = 
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-J 



(3.3.10) 



whil e th e weights of the £7(7) 56 representation were constructed in section 4.5.4 and are hsted in 
table 4.4. In the Dynkin basis the basis vectors of the real symplectic representation are eigen- 
states of the Cartan generators with eigenvalue one of the 56 weight vectors (±A = {Ai, . . . , A7} 
pertaining to the representation: 



(M^ = 1,... 56) : \ W) 



|A) 



A) 



|y)=/^|A) ® 5a|-A) 
or in matrix notation 



H,\k) = A, I A) (A = l,...28) 
H.I -A) = -A, I -A) (A = l,...28) 




(3.3.11) 



In the Young basis, instead, the basis vectors of the complex pseudounitary representation cor- 
respond to the natural basis of the 28 + 28 antisymmetric representation of the maximal compact 
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subgroup SU(8). In other words, in this reahzation of the fundamental £7(7) representation a 
generic vector is of the following form: 



\V) = u 



AB 



A 



B 



VAB 



A 



B 



or in matrix notation 



Vr 



UspY 



,AB 



VAB 



(3.3.12) 



This discussion suffices to make the implicit form of the vector kinetic matrix (3.3.5) explicitly 
calculable given any explicit parametrization of the coset representative. As for the kinetic matrix 
of the scalars we have: 

g,, (</.) = \PABCD.^'Pf'''' (3.3.13) 

where Pabcds d(j)^ is the scalar vielbein obtaine d from the gauged left-invariant 1-fo rm of the 
scalar coset that we discuss below (see eg. ( 3.3. 34 ). Because of that the lagrangian ( 3.3.1 ) contains 
also the minimal coupling of the scalar fields to the gauge bosons of the chosen gauge group. 

To complete the illustration of the bosonic lagrangian we need to discuss the scalar potential 
V{(f>). This cannot be done without referring to the supersymmetry transformation rules since, 
as we have explained in section |3.2| , the potential is determined by the fundamental relation 
(B.2.(;) that gives it as a quadratic form in terms of the fermion shifts. These latter appear 
in the supersymmetry transformation rules of the fermionic fields and are the primary objects 
determined by the choice of the gauge algebra. 



3.3.2 Supersymmetry transformation rules of the Fermi fields 

Since the Af = 8 theory has no matter multiplets the fermions are just, as already pointed out, the 
8 spin 3/2 gravitinos and the 56 spin 1/2 dilatinos. The two numbers 8 and 56 have been written 
boldfaced since they also single out the dimensions of the two irreducible SU(8) representations 
to which the two kind of fermions are respectively assigned, namely the fundamental and the 
three times antisymmetric: 



A 



B 



C 



= 56 



(3.3.14) 



Following the conventions of 1 95 the fermionic supersymmetry transformation rules of are written 
as follows: 



1 



■T 



SXABC - 4i PABCD\^^^.'^'re^ - iTl^l^p^Y^ec] + • • • 



(3.3.15) 



where T^^^^^ is the antiselfdual part of the graviphoton field strength, PABCD\i is the already 
mentioned vielbein of the scalar coset manifold completely antisymmetric in ABCD and satisfying 
the same pseudoreality condition as our choice of the scalars 4>abcd- 

1 —EFGH 



Pa 



BCD 



4! 



^abcdefghP 



(3.3.16) 
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By comparison with eq.s(3.2.3) and ( |3.2.[ ) we see that Sab^^^bc ^^"^ appropriate gravitino 
mass matrix and fermion shifts. RecalUng also the normalization of the fermion kinetic terms: 



r>kin 

^ f erniion 



h.c. 



(3.3.17) 



the general Ward identity ( 3.2.6 ) takes, in this theory, the following explicit form: 

VSi^ 2ASamS^'' ~ is^'^^ Elg^ (3.3.18) 



6 



What we need is the explicit expression of the two items appearing in the supersymmetry 
transformations (3.3.15) in terms of the coset representatives. For the graviphoton such an 
expression is independent of the gauging and coincides with that appearing in the case of ungauged 
supergravity. On the contrary, the expression of the scalar vielbein and of the fermion shifts, 
involves the choice of the gauge group and can be given only upon introducing the gauged Maurer 
Cartan equations. Hence we first recall the structure of the graviphoton and then we turn our 
attention to the second kind of items entering the transformation rules that are the most relevant 
ones in our discussion. 



3.3.2.1 The graviphoton field strength 

We introduce the multiplet of electric and magnetic field strengths according to the general 



discussion of section 2.4: 



where 



^^^i'^-^W-^^^'"''" (3-3.20) 

The 56-component field strength vector Vf^^, transforms in the real symplectic representation of 
the U-duality group £7^7). We can also write a column vector containing the 28 components of 
the graviphoton field strengths and their complex conjugate: 

T,.^iy Tlt^ ^ {T^^^abT (3.3.21) 

in which the upper and lower components transform in the canonical Young basis of SU(8) for 
the 28 and 28 representation respectively. 

The relation between the graviphoton field strength vectors and the electric magnetic field 
strength vectors involves the coset representative in the SpY(56) representation and it is the 
following one: 

f^. - -CCLspV('/') (3.3.22) 
The matrix C being symplectic invariant matrix ( 2.5.64| ). Eq.( 3.3.22) reveals that the gravipho- 



tons transform under the SU(8) compensators associated with the £7(7) rotations. It is appropri- 
ate to express the upper and lower components of T in terms of the self-dual and antiself-dual 
parts of the graviphoton field strengths, since only the latter enter the transformation rules 
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(|XT1). 

These components are defined as follows: 



^ABlu,, = O [TABlt^u - T. ^l^vpag^^g"'' Tab\\-k\ (3.3.23) 



' AB\[iv 2 

As shown in the following equalities hold true: 
and we can simply write: 

frj.+ \AB\ 

T^, = [tr; (3.3.25) 

\^ IJLV\AB J 

3.3.3 The gauged Maurer Cartan equations and the fermion shifts 



As stressed in section 3.2 the key ingredient in constructing the gauged version of any extended 
supergravity is provided by the gauged left-invariant 1-forms on the coset manifold. We illustrate 
this notion in the present example. 

First note that in the UspY(28, 28) basis we have chosen the coset representative ( |3.3.3 ) 
satisfies the following identities: 

,,nA „AB ,,nAAB„, rHA 

U ABU AS - W VABKY. = "aS ' 

nA ABAS UAAB AS n II 1 na\ 

u abv —V UAB =0, (3. 3. 2d) 

„,AB ,,AS ,,ABAS,, rAS 

U ASW CD -V VAY,CD = (Jen ' 

,,AB ,,ASCn „,ABAS,, CD n. /no 07A 

U AS" —V UAS =U, [6.6.27) 

and the inverse coset representative is given by: 

,,AB „ABAr\ 

" Ar ) . (3.3.28) 

-VCDAS UCD J 

where, by raising and lowering the indices, complex conjugation is understood. 

Secondly recall that in our basis the generators of the electric subalgebra SL(8,M) C £7(7-) 
have the following form 

•g^^nA(«) p^^*=(a) 



G„ = p " ^ " (3.3.29) 
* PArnA(a) gAS (a) ' 



where the matrices q and p are real and have the following form 

2 
3 



AS r,c[A SI ^c[A Sir 

q nA = 26^ [nq 'a] = [nq ' A]r ■ 



PArno — ^£ArnfiAs*3P'^^*" • (3.3.30) 



The index a = 1, ... 63 in (3.3.29) spans the adjoint representation of SL(8,R) according to some 
chosen basis and we can freely raise and lower the Greek indices A, E, ... because of the reality of 
the representation. 
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Next let us introduce the fundamental item in the gauging construction. It is the 28 x 63 
constant embedding matrix: 

£ = el^ (3.3.31) 

transforming under SL(8,R) as its indices specify, namely in the tensor product of the adjoint 
with the antisymmetric 28 and that specifies which generators of SL(8,R) are gauged and by 
means of which vector fields in the 28-dimensional stock. In particular, using this matrix one 
writes the gauge 1-form as: 

A = A^^el^Ga (3.3.32) 

In [9^ the most general form of the embedding matrix e^j^ was determined that is consistent with 
supersymmetry. Analyzing its structure and modding out all the irrelevant gauge transformations 
one could determine all the different gauge groups. I review that result and summarize its 
derivation. Here In terms of the gauge 1-form A and of the coset representative L((/)) we can 
write the gauged left-invariant 1-form: 

r2 = L^^dL + .gL^ML (3.3.33) 

which belongs to the ^iij) Lie algebra in the UspY(28, 28) representation and defines the gauged 
scalar vielbein P^bef ^j-^g SU(8) connection Qjj^: 

(25\^qJ^ P-4BBF \ 
n= [^^^1 ^] (3.3.34) 

\ PcDGH ^2(5jp Q H\) 

Because of its definition the 1-form satisfies gauged Maurer Cartan equations: 

dn + nAfl^ g[F^^ - {V2{u^^AB + VA^AB)i^^ /\^^ +h.c.)]elj:h-^Gah, (3.3.35) 
with F^^ the supercovariant field strength of the vectors A^^ . Let us focus on the last factor in 



eq.(3.3.35): 



U..L-G„L.(^(^) 1^)) (3.3.36) 
Since Uq is an £7(7) Lie algebra element, for each gauge generator Ga we necessarily have: 

aAB / \ 2 [A .B]M 

-4 cD(a)=3V-4 D]M 

S^^^«(a) =S[^^^«l(a) (3.3.37) 



Comparing with eq. (3.3.35) we see that the scalar field dependent SU(8) tensors multiplying the 



gravitino bilinear terms are the following ones: 

-t BCD = [u CD + vnj:cD)eQ-^A BM[a 

ryAB 

^CD 



ABEF ^ (^os^^ ^ S^^^^(a) (3.3.38) 



As shown in the original papers by de Wit and Nicolai |^l| (or Hull [^) and reviewed in pTf , 
closure of the supersymmetry algebra ^ and hence existence of the corresponding gauged super- 
gravity models is obtained if and only if the following T-identities are satisfied: 



2 

T BCD = T [BCD] + -j^[cT D]MB (3.3.39) 

zIEef = P^^'iaT^'^bef] (3.3.40) 



in the rheonomy approach closure of the Bianchi identities 



Gaugings ofJ\f — 8 Supergravity in D = A 



61 



Eq.s ( |3.3.3S| ) and ( ^.3.40| ) have a clear group theoretical meaning. Namely, they state that both 
the T^BCD tensor and the Z^^^^ tensor can be expressed in a basis spanned by two irreducible 
SU(8) tensors corresponding to the 420 and 36 representations respectively: 



rpA 

J BCD 



AIi...h 



h 



h 



B 



C 



D 



420 



Tdb 



D 



B 



36 



(3.3.41) 



To see this let us consider first eq.(B.3.3£). In general a tensor of type T^^^cd] would have 
8 X 8 X 28 components and contain several irreducible representations of SU(8). However, as 
a consequence of eq. (3.3.39) only the representations 420, 28 and 36 can appear, (see fig. 
3.1). In addition, since the A tensor, being in the adjoint of SU(8), is traceless also the T-tensor 
appearing in (3.3.39) is traceless: T^abc ~ 0. Combining this information with eq.(3.3.39) we 
obtain 

(3.3.42) 



Eq. ( 3.3.42 ) is the statement that the 28 representation appearing in fig. 1 vanishes so that the 
T^B[CD] tensor is indeed expressed solely in terms of the irreducible tensors ( 3.3.41 ). A similar 



Figure 3.1. Decomposition of a tensor of type T bcd into irreducible representations 



(g)n\ e m = 



© □ © m 



448 



+ 36 = 420 + 28 + 36 



argument can be given to interpret the second T-identity (3.3.4C). A tensor of type z]^^^^"^ 



contains, a priori, 70 x 28 components and contains the irreducible representations 1512, 420 



and 28 (see fig. 3.2). Using eq. (3.3.40) one immediately sees that the representations 1512 and 
28 must vanish and that the surviving 420 is proportional through a fixed coefhcient to the 420 
representations appearing in the decomposition of the gyjjj-^ tensor. In view of this discussion, 
the T-identities can be rewritten as follows in the basis of the independent irreducible tensors 



J BCD 



[BCD] 



Tab 



J AMB 



(3.3.43) 



The irreducible tensors 420 and 36 can be identified, through a suitable coefRcient fixed by 
Bianchi identities, with the fermion shifts appearing in the supersymmetry transformation rules 
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Figure 3.2. Decomposition of a tensor of type Z'^g^p into irreducible representations 



e 



1513 + m + 3S 



(HTl): 



-'BCD 



BCD 



Sdb — sTdb 



(3.3.44) 



Finally, as shown by de Wit and Nicolai |^ the crucial Ward identity ( 3.3.18| ) is satisfied if and 
only if the ratio between the two constants in eq. ( |3.3.44 ) is: 



1 
392 



(3.3.45) 



3.3.4 Algebraic characterization of the gauge group embedding G gauge * SL(8,M) 

As we have seen in the previous section the existence of gauged supergravity models relies on a 
peculiar pair of identities to be satisfied by the T-tensors. Therefore a classification of all possible 
gaugings involves a parametrization of all SL(8, M) subalgebras that lead to satisfied T-identities. 
Since the T-tensors are scalar field dependent objects it is not immediately obvious how such 
a program can be carried through. On the other hand since the problem is algebraic in nature 
(one looks for all Lie subalgebras of SL(8, K.) fulfilling a certain property) it is clear that it should 
admit a completely algebraic formulation. It turns out that such an algebraic formulation is 
possible and actually very simple. Indeed the T-identities imposed on the T-tensors are nothing 



else but a single algebraic equation imposed on the embedding matrix £ introduced in eq.(3.3.31). 
This is what we outline next. 

To begin with we recall a general and obvious constraint to be satisfied by £ which embeds 
a subalgebra of the SL(8, K) Lie algebra into its 28 irreducible representation: the vectors 
should be in the coadjoint representation of the gauge group. Hence under the reduction to 
G gauge C SL(8, M) wc iTLust obtain the following decomposition of the entire set of the electric 
vectors: 

28 ^'^'^ coadjGgauge © TZ (3.3.46) 

where TZ denotes the subspace of vectors not entering the adjoint representation of Ggauge which 
is not necessarily a representation of Ggauge itself. 

Next in order to reduce the field dependent T-identities to an algebraic equation on £ we 
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introduce the following constant tensors:[] 



.(i)nr « Jir I ,(2)nrAA^Y^ « 



nrAA 



(a) 



(3.3.47) 



In terms of t^^^ and i^^^ the field dependent T-tensor is rewritten as 



r^A / fjs I \ r , (1) nr / AM AA 

-t BCD = (U CD + WnSCD ) [ Eos AA (u nr U BM - V 



,AM*r 



+t 



(2) nrAA (-^.AAf 



■ nr v^^BM - V 



,AAf*r 



WAABAf) 
UAASAf)]. (3.3.48) 



By means of lengthy algebraic manipulations in |96| the following statement was shown to be 
true 

Theorem 3.3.1. The field dependent T-identities are fully equivalent to the following 
algebraic equation: 



/(I) nr ^ , I ,(1) nr , ,(2) aasis _ n 
tfis AA + Iaa + inr 



(3.3.49) 



Here we omit the proof but we stress the relevance of the result. All possible gauged supergravities 
have been put into one-to-one correspondence with the inequivalent solutions of an algebraic 
equation to be satisfied by the embedding matrix. 

The algebraic i~identity (3.3.49) is a linear equation imposed on the embedding matrix £. 
In [9^ it was solved by means of a computer program yielding a 36-parameter solution. It was 
then shown that all the 36 parameters could be absorbed by means of conjugations with elements 
of the electric subgroup leaving only a finite discrete set of inequivalent solutions corresponding 
to as many inequivalent compact and non compact subalgebras of SL(8,M). In order to describe 
this result more explicitly we need to discuss the embedding of the electric group in some detail 



3.3.4.1 Embedding of the electric subalgebra SL(8,R) 

The Electric S'/(8,R) subalgebra is identified in £7(7) by specifying its simple roots j3i spanning 
the standard Dynkin diagram. The Cartan generators are the same for the ^-jfj) Lie algebra 
as for the SL(8,M) subalgebra and if we give (3i every other generator is defined. The basis we 
have chosen is the following one: 



/?i = 012 + 2a3 + 3q4 + 2a5 
/33 = "2 
= 014 



2aG + ar 



P2 
Pa 

P6 



ai 
as 



(3.3.50) 



The complete set of positive roots of SL(8R) is then composed of 28 elements that we name pi 
{i — 1, . . . , 28) and that are enumerated according to our chosen order in table 3.1 . 
Hence the 63 generators of SL(8,] 



are: 

The 7 Cartan generators d — Ha^ i = 1, . . . ,7 

The 28 positive root generators E^' i = 1, ... ,28 

The 28 negative root generators E^p^ i = 1, ... ,28 

^ For example, in the de Wit— Nicolai theory, where one gauges Ggauge = SO{8) we have: 

.{i)nr r[n. ,r] ,(2) nrAA n 



(3.3.51) 
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Table 3.1. The choice of the order of the SL(8, R) roots: 



Pi 




P2 






p2 




Rn 4- Ro 






P3 




R^ A- R.. A- R, 
P2 + P3 + PA 






pi 




Rr, -J_ fl, J- R, 

P2 ^3 ^ PA 


PS 




P5 




R^ R.. J[- R, 
P2 + Pi + Pa 


4- R^ 

+ Ps 


-L R^. 


pa 




R.. 
P3 






p7 


_ 


R.. J- R. 

P3 + Pa 






Ps 




R„ -I- R, 4- 
P3 + Pa + Pb 






P9 




R.^ 4^ R, R^ 
P3 + P4 + P5 


_i_ R^ 
+ P6 




Pio 




R, 

Pa 






Pll 




Ra 4- R„ 

PA ^ P5 
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R, 4- R^ 4- R^ 

Pa + Ps + P6 






Pn 




R^ 

Ps 






pu 




R^ _1_ 
Ps + P6 






Pl5 


z 


Pe 






Pl6 




Z^-, J- /^^ -L R^ 

Pi + P2 + Pa 


+ P4 


1 /Q, 1 R^. 1 /Q„ 


pl7 




Rn -I- Ro 4- Ra 

P2 P3 P4 


4^ R^ 

+ Ps 


\ R.. \ R^ 
^ PQ ^ P7 


Pl8 


= 


ft + /34 + A 


+ ft 


+ ft 


Pl9 




R, A_ Rr: -I- Ra 






P20 




ft + ft + ft 






P21 




ft + ft 






P22 




I3i 






P23 




ft + ft 






P24 




/3i + ft + ft 






P25 




/3i + ft + ft 


+ ft 




P26 




/3i + ft + ft 


+ ft 


+ ft 


P27 




/3i + ft + ft 


+ ft 


+ ft + ft 


P2S 




ft 







and since the 56 x 56 matrix representation of each £7(7) Cartan generator or step operator was 



constructed in section 4.5.4 it is obvious that it is in particular given for the subset of those that 



belong to the SL(8,R) subalgebra. The basis of this matrix representation is provided by the 



weights enumerated in table 4.4 



In this way we have concluded our illustration of the basis in which we have solved the 
algebraic i-identity. The result found in | |9^ by means of a computer programme is a 28 x 63 
matrix: 

£{h,e) — > e'^{h,£) (3.3.52) 



where the index W runs on the 28 ne gative w eights of table 4.4, while the index a runs on all the 
SL(8,M) generators according to eq. ( |3.3.5l| ). The matrix £{h,p) depends on 36 parameters that 
were named hii = 1, . . . , 8 and £ii = 1, . . . , 28, respectively. The distinction between the two sets 
of parameters is drawn in the following way: the 8 parameters hi are those that never multiply 
a Cartan generator, while the 28 parameters ii are those that multiply at least one Cartan 
generator. In other words if we set all the £i — the gauge subalgebra Ggauge C SL(8,]R) is 
composed solely of step operators while if you switch on also the £i.s then some Cartan generators 
appear in the Lie algebra. This distinction is very useful in classifying the independent solutions. 
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3.3.5 Classification of gauge algebras 

First we observe that the solution of t-identities encoded in the matrix £(h,£) is certainly over- 
complete since we are still free to conjugate any gauge algebra Ggauge with an arbitrary finite 
element of the electric group g £ SL(8,R): G'g^^g^ — gG gauge yields a completely physically 
equivalent gauging as Ggauge- This means that we need to consider the SL(8,]R) transformations 
of the matrix £{h,£) defined as: 

Vg e SL(8,R) : g ■ £{h,£) = D2s{g-') SihJ) Desig) (3.3.53) 

where D2s,{g) and DQ^{g) denote the matrices of the 28 and the 63 representation respectively. 
If two set of parameters {h,C\ and {h' are related by an SL(8,]R) conjugation, in the sense 
that: 3g G SL(8,R) : £{h' ,£') = g ■ £(h,£) then the theories described by {h,£} and {h',£'} 
are the same theory. In other words what we need is the space of orbits of SL(8, M) inequivalent 
embedding matrices. Possible theories obtained by choosing a set of {h, £} parameters are further 
restricted by the constraints that: the selected generators of SL(8, R) should close a Lie subalgebra 
Ggauge and that the selected vectors (=weights) should transform in the coadjoint representation 
Coadj (Ggauge)- Heucc the 28 linear combinations of SL(8,]R) generators: 

Tw = e^'' (hj) Go, (3.3.54) 

must span the adjoint representation of a 28-dimensional subalgebra Ggauge{h, £) C SL(8,M) al- 
gebra. Naming Qgauge{h, £) the corresponding Lie subgroup, because of its very definition we have 
that the matrix £(h,£) is invariant under transformations oi Qgauge(h,£), i.e. V7 G Ggauge{h,£) 
we have 7 • £{h,£) = £{h,£). ^: Hence, fixing a matrix £{h,£) and hence an algebra Ggauge{h,£), 
by acting on it with SL(8,R) we obtain a 35-dimensional orbit of equivalent embedding matri- 
ces, parametrized by the elements of the coset manifold g ^^^^ff £) 1 whose dimension is precisely 
63- 28 = 35. 

Since the explicit solution of the algebraic ^-identities has produced an embedding matrix 
£{h,£) depending on no more than 36-parameters, then the only continuous parameter which 
is physically relevant is an overall constant, the remaining 35-parameters being reabsorbed by 
SL(8,R) conjugations. An essential and a priori unexpected conclusion follows from this discus- 
sion. 



Proposition 3.3.1. The gauged A/" = 8 supergravity models cannot depend on more than a single 
continuous parameter (=coupling constant), even if they correspond to gauging a multidimen- 
sional abelian algebra 



In other words what we have found is that the space of orbits we were looking for is a discrete 
space. The classifications of gauged supergravity models is just a classification of gauge algebras 
a single coupling constant being assigned to each case. This is considerably different from other 
supergravities with less supersymmetries, like the N = 2 case. There gauging a group Ggauge 
involves as many coupling constants as there are simple factors in Ggauge- This difference is an 
yield of supersymmetry and not of Lie algebra theory. 

To classify the orbits and hence the gauged supergravity theories we consider invariants. The 
natural invariant associated with the embedding matrix £(h,£) is the signature of the Killing- 
Cartan 2-form for the resulting gauge algebra Ggauge{h,£)- Consider the 28 generators (3.3.54) 

* Note that some of the 28 generators of Ggaugeih, £) C SL{8,IR) may be trivially represented in the adjoint 
representation, but in this case also the corresponding group transformations leave the embedding matrix invariant. 
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and define: 



e 



^{h,i)e^f{h,i)TT{G^Gp) (3.3.55) 



Wi V^^J ^W2 

where the trace Tr is taken over any representation and the constant matrix Bafi = Tr (Gq G^) is 
the Kilhng-Cartan 2-form of the SL(2, R) Lie aigebra. The 28 x 28 matrix is the Killing-Cartan 
2-form of the gauge algebra G gauge- As it is well known from general Lie algebra theory, by 
means of suitable changes of bases inside the same Lie algebra the matrix r]WiW2 {h,£) can be 
diagonalized and its eigenvalues can be reduced to be either of modulus one or zero. What cannot 
be done since it corresponds to an intrinsic characterization of the Lie algebra is to change the 
signature of riWiW2 (h, namely the ordered set of 28 signs (or zeros) appearing on the principal 
diagonal when riWiW2 {h,^) is reduced to diagonal form. Hence what is constant throughout an 
SL(8, M) orbit is the signature. Let us name S (orbit) the 28 dimensional vector characterizing 
the signature of an orbit. From our discussion we conclude that the classification of gauged 
J\f = 8 models has been reduced to the classification of the signature vectors E (orbit). In Q it 
was shown that for generic values of hi and ii the matrix r]WiW2 (^i ^) has 28 x 28 non vanishing 
entries, while setting = it becomes automatically diagonal and of the form: 



diag| -h^hg, hiha, h2K, -h^h^ ,hihe, -h^K, ft-i /12, 

-hihs, hihi, -hih^, -/i2/j5, h^h^, -h^h^, h2hi, 

-/12/13, -hshi, ft-i /17, h2h'r, -h^hr, h^hj, -h^h^, 

hehr, -hihs, -h2hs, h^hs, -h^hg, h^hg, -hghs | 



(3.3.56) 



Hence all possible signatures E (orbit) are obtained by assigning to the parameters hi the values 
1,-1,0 in all possible ways. An explicit computer evaluation shows that for each signature there 



is a corresponding acceptable h vector such that the 28 generators (B.3.54) it singles out do 
close a Lie subalgebra. In this way we have obtained an exhaustive classification of supergravity 
gaugings that is displayed in eq.( |3.2| ) This classification is a list of SL(8,M) Lie subalgebras 
identified by an acceptable h-vector and a corresponding signature of the Killing-Cartan form. 
This is denoted by writing the numbers n_(_,n_,no of its positive, negative and zero eigenvalues. 
In addition we have also written the actual dimension of the gauge algebra namely the number of 
generators that have a non-vanishing representations or correspondingly the number of gauged 
vectors that are gauged (=paired to a non vanishing generator): By restricting the matrix e^" 
to the parameters hi we can immediately write the correspondence between the vectors 
and the generators of the gauge algebra that applies to all the gaugings we have classified above. 



This correspondence is summarized in table 3.3, where it suffices to substitute the corresponding 



values of hi to obtain the generators of each gauge algebra expressed as linear combinations of 
the 56 positive and negative root step operators of SL(8,]R). 

3.3.6 The CSO(p,q,r) algebras 



The classification of table 3.2 besides the obvious algebras SO(p, q) contains also the contracted 
algebras CSO(p,q, r). Since they are relevant to the gaugings of maximal supergravity both in 
D — 4 and D ~ 5 let me devote the present subsection to a brief description of their structure. 
Indeed the only difference between the D = 4 and D = 5 case is that in the former we have 
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Table 3.2. Classification of J\f = 8, D = 4: gaugings 



Algebra 
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28 
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27 


CSO(4,2,2) 


7 
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13 


{1,1,-1,1,1,0,0,1} 


27 
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p + q + r = why in the latter the condition is p + g + r = 6. So let the capital indices /, J, K,. . . 
run on a number n of values that can either be 8 or 6. The generators of SO(p, q) (with p + q = n) 
in the vector representation are 

{G"fL = Sfv'^' (3.3.57) 
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Electric 
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Gauge 
generator 



/14-E-/32-/33-/34 - /1I-B/32+/33+/34 
ft5-E-/32-/33-/34-/35 + 'il-E/32+/33+/34+/35 
/16-E-/32-/33-/34-/35-/36 ~ ^l-^/32+/33+/34+/35+/36 

/l2-B-/3i-;32 + hsEp^+/32 
haE-p^-lB^-f}^ - /18-E01+/32+/33 
/14-B-/31-/32-/33-04 + hgEfl^+fj^+p^+p^ 
/l5£;_^j_^2_^3_0^_^5 - /l8£;^i+/32+/33+/34+/35 
/l6-B-/3i-/32-/33-/34-/35-06 + 'l8-B/3i+/52+/33+,34+fe+/36 
-/17-E-/31-/32-/33-04-/35-/36-/37 - ^8-E0i+^2+/33+/34+/35+/36+/37 

— hsE-0^ — /12-E/33 

-/14-E-/33-/34 + /l2-Efe+/34 

-/15-B-/33-/34-/35 - /'-2-E/33+/34+/35 

~heE-0^-f3^-f3^-l3g + fe2£;/33+/34+/35+^e 
/!,7-B_/33_;3^_/35_0g_/37 - /l2-E03+,34+/35+/36+/37 

/14-E-/34 + h^Ej}^ 
/i5£^-/34-/35 - haEp^+f}^ 
heE-p^-p^-fjf^ + h3Ei3_^+f}^+f3g 
-hjE-p^-p^-p^-li^ - haEp^+fi^+iig+fij 
—h^E-^p^ — h4,Ei3^ 
-heE-fi^-fig + hiEp^+fi^ 

hjE-p^-jlf^-P^ - /l4£;0g+/3s|/37 

heE-p^ + /i5-E/3g 

-/l7-E-/3e-/37 - /15-E/36+/37 

hrE-f}^ — heE/ij 



where 

ry" = diag(l, 1, -1, ... , -1) . (3.3.58) 
They satisfy 

where 

/I/r = -<,^^""4V (3-3.60) 

Their generahzation, studied by Hull in the context of supergravi ty ||6ll| ,[^ are the algebras 
CSO(p, g,r) with p + g + r = rt, defined by the structure constants ( 3.3.60[) with 

(3.3.61) 
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Decomposing the indices 

I=(lJ) 7=l,...,p + q, i = p + q + l,...,n, (3.3.62) 

we have that G^"' are the generators of SO(p, q) C CSO(p, q, r) , while the r(r — l)/2 generators 
are central charges 

[G", G^^] = ^v^G-'^ . (3.3.63) 
They form an abelian subalgebra, and 

SO(p,q) X C CSO(p,q,r). (3.3.64) 

Notice that CSO(p, q, 1) = ISO(p, q). In the vector representation, the generators of the central 
charges are identically null 

(G^'-Oi = 0, (3.3.65) 

while 

(G^n^^dW y^O. (3.3.66) 
It is worth noting that the Killing metric of SO(p, q, r) is 

This notation is redundant, because the adjoint representation is n{n — l)/2 dimensional. In the 
proper basis, 

^"fK<. = -S'?' (3.3.68) 

This is a diagonal matrix of dimension n{n — l)/2, with components if^if'^. In general, the real 
sections of a given algebra are characterized by the signature of the Killing metricQ. We see that, 
for the CSO(p, q, r) algebras, the signature of the Killing metric is equivalent to the signature 
of the vector metric rj^'^ . This explains why this tensor can give an intrinsic characterization of 
such algebras. 



3.4 Gauged supergravities in five dimensions and domain walls 

Recently the general form of gauged M ~ 2 supergravity in five-dimensions has been obtained. 
This occurred through the contributions of two groups of authors. In a first step Giinaydin and 
Zagerman analysed the problem of gauging in presence of an arbitrary number of vector and 



tensor multiplets and in a series of papers |9^, |9^, 10C| they established the key new features 
involved by the gauging procedure in this space-time dimension ^ In a subsequent step Ceresole 

^ for non semisimple groups, by signature we mean the number of positive, negative and null components of the 
metric in its diagonal form 



10 



These main features are those described in detail in section 3.4.2 and can be summarized as follows 



(i) N=2 vector fields outside the adjoint have to be converted to massive tensor fields 

(ii) Tensor fields have to sit in a symplectic representation of the gauge group 

(iii) certain components of the c^AEr tensor appearing in the Chern Simons coupling have to vanish when (gauged) 
tensor fields are present 

(iv) A certain group theoretical relation must exist between the above coefficients d and the symplectic represen- 
tation matrices acting on the tensor fields 
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and Dall'Agata [101|, utilizing the general methods of the geometrical gauging |9l|, 102, [79|, 
p3[ , reconsidered the problem and succeeded in including also the coupling to hypermultiplets. 
Since A/" = 2, that corresponds to Nq = 8 supercharges, is the minimal possible number of 
supersymmetries in a five-dimensional space-time, it is clear that this result is a relevant step in 
the quest for a minimal supersymmetrisation of the Randall Sundrum scenario of the second type. 
In the previous chapters I have already emphasized that this is the reason why I choose precisely 
this theory as an example of gauging in a non— mELximal, matter coupled supergravity. I 
already pointed out that in maximal supergravities the number of available gauge vectors is fixed 
a priori and the possible gauge algebras fill a discrete set. In matter coupled supergravities, on 
the other hand, the number of vector multiplets varies and one has much more possibilities. If the 
number of supercharges Nq is larger than eight the only available multiplets, beside the graviton 
multiplet, are the vector or tensor multiplets; furthermore, given their number n, the geometry 
of the scalar manifold is fixed and corresponds to a homogeneous space Gn/'Hn- At Nq = 8, 
instead, besides vector or tensor multiplets (that can be dualised to vector multiplets) one has 
also hypermultiplets so that the scalar manifold AAscaiar — -Mvect.scai. x M-hyp.scai. is the tensor 
product of two submanifolds containing the vector scalars and the hyper scalars respectively. As 



we have seen in sect. 2.6, although severely constrained, the geometry of these two submanifolds 



is not completely fixed by supersymmetry and can vary within an ample class that contains 



both homogeneous and non homogeneous spaces. As I also recalled in section 2.6 there is a 
very close structural relation between Nq = 8 supergravity in D = 4 and in D = 5 dimensions: 
the geometry of the hypermultiplet scalars is the same in both theories, namely quaternionic 



geometry (see sect. 2.6.^ ) while the vector scalars fill a special Kdhler complex manifold in D ~ A 



and a very special real manifold in D = 5. Dimensional reduction on a circle maps D — 5 
theories into D = 4 theories and provides a map from very special to a subclass of special Kahler 
manifolds. Hence it is not surprising that the gauging procedure in D = 4 and D = 5 theories 
are extremely similar: yet there are some relevant differences that had to be clarified before one 
could extend the constructions of |5^ to one higher space-time dimensions. These differences 
have essentially to do with two specifically five-dimensional features: 

a Very special, differently from special Kahler manifolds are real and non-symplectic. So there 

is no notion of a moment-map for isometrics 
b In presence of gauging vector and tensor multiplets become physically distinct and the vector 

fields that are in a non trivial non-adjoint representation of the gauge group have to be 

dualised to massive self-dual 2-forms. 

In this section I will describe the general form of the J\f = 2 gauging and compare it with the 



Af = 8 gaugings in the same dimensions. In another recent publication |103] these latter have 
been obtained for all contracted and non contracted algebras establishing in Z) = 5 a complete 
classification of A/" = 8 gaugings fully parallel to that derived in p& for the D — 4 case and 



described in the previous section 3.3 



To accomplish this programme my first care is to discuss the general idea of the moment 
map which constitutes an essential ingredient in the JV = 2 case. 



3.4.1 The Moment Map 

The moment map is a construction that applies to all manifolds with a symplcctic structure, in 
particular to Kahler, HyperKahler or quaternionic manifolds. 

I begin with the Kahler case, namely with the moment map of holomorphic isometrics which 
is the paradigma for all the other cases. It is also the additional weapon one can use in gauging 
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-D = 4 supergravity while it is not available for D = 5 vector multiplets due to the real structure 
of very special geometry. The HyperKahler and quaternionic cases correspond, instead, to the 
moment map of triholomorphic isometrics which equally applies to Z? = 4 and D = 5 theories. 

3.4- 1-1 The holomorphic moment map on Kahler manifolds 

I assume some basic knowledge of Kahler geometry which can retrieved from any standard text- 
book. Let gij* be the Kahler metric of a Kahler manifold and let us assume that gij* admits 
a non trivial group of continuous isometrics Q generated by Killing vectors k\ (1 = 1,... ,dim^) 
that define the infinitesimal variation of the complex coordinates z* under the group action: 

z' z' + e^k\{z) (3.4.1) 

Let k\{z) be a basis of holomorphic Killing vectors for the metric gij*. Holomorphicity means 
the following differential constraint: 

dj.k\{z)^Q^djk\{z) = Q (3.4.2) 

while the generic Killing equation (suppressing the gauge index I): 

V^fc^ + V^fc^ = (3.4.3) 

in holomorphic indices reads as follows: 

\/ikj+\/jki = ; \/i*kj +\/jki, = (3.4.4) 

where the covariant components are defined as kj = gj^k^ (and similarly for fci* ). 

The vectors kl are generators of infinitesimal holomorphic coordinate transformations 6z^ = 
e'fcj(z) which leave the metric invariant. In the same way as the metric is the derivative of a 
more fundamental object, the Killing vectors in a Kahler manifold are the derivatives of suitable 



prepotentials. Indeed the first of eq.s ( |3.4.4|) is automatically satisfied by holomorphic vectors 



and the second equation reduces to the following one: 

kl = ig'^'d,,Vi, Vi^Vi (3.4.5) 
In other words if we can find a real function such that the expression ig^^ 9j*Vm is holomor- 



phic, then eq.(3.4.5) defines a Killing vector. 

The construction of the Killing prepotential can be stated in a more precise geometrical 
fashion through the notion of moment map. Let us review this construction. 

Consider a Kahlerian manifold M of real dimension 2n. Consider a compact Lie group G 
acting on Ai by means of Killing vector fields which are holomorphic with respect to the 
complex structure J of A^; then these vector fields preserve also the Kahler 2-form 

^ Q ^'^ ' 1^0 = Cj^K = ij^dK + d{ij^K) = d{i^K) (3.4.6) 

Here and denote respectively the Lie derivative along the vector field and the con- 
traction (of forms) with it. 

If Al is simply connected, d{ij^K) = implies the existence of a function Vj^ such that 

- i'^^l = 'It^ (3.4.7) 
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The function is defined up to a constant, which can be arranged so as to make it equivariant: 

^^l^-^y, (3.4.8) 
Vj^ constitutes then a moment map. This can be regarded as a map 

V :M — > G* (3.4.9) 

where G* denotes the dual of the Lie algebra G of the group G- Indeed let x S G be the Lie 
algebra element corresponding to the Killing vector Jt; then, for a given m G A1 

/x(m) : X — > Vj^(m) G R (3.4.10) 
is a linear functional on G. If we expand it = a^ki in a basis of Killing vectors ki such that 

[fcl,fcL] -/iL^^fcK (3.4.11) 

we have also 

Vj^ ^ a^Vi (3.4.12) 

In the following we use the shorthand notation >Ci,ii for the Lie derivative and the contraction 
along the chosen basis of Killing vectors fcj . 

From a geometrical point of view the prepotential, or moment map, Vi is the Hamiltonian 
function providing the Poissonian realization of the Lie algebra on the Kahler manifold. This is 
just another way of stating the already mentioned equivariance. Indeed the very existence of the 
closed 2-form K guarantees that every Kahler space is a symplectic manifold and that we can 
define a Poisson bracket. 

Consider eqs.( 3.4.5). To every generator of the abstract Lie algebra G we have associated a 
function Vi on Ai; the Poisson bracket of Vi with Vj is defined as follows: 

{7'i,7'j} = 47ri^(I,J) (3.4.13) 

where K{I, J) = K{ki, kj) is the value of K along the pair of Killing vectors. 
In reference with D'Auria and Ferrara I proved the following lemma: 

Lemma 3.4- 1- The following identity is true: 

{Vi,Vj}^ fij^Vi^ + Cij (3.4.14) 
where Cu is a constant fulfilling the cocycle condition 

/imC'lj + /mjC'li + /ji'^C'lm — (3.4.15) 



Cu = A/Cl (3.4.16) 



If the Lie algebra G has a trivial second cohomology group _ff^(G) — 0, then the cocycle Cu is 
a coboundary; namely we have 

- lij 

where Cl are suitable constants. Hence, assuming _ff^(G) = we can reabsorb Cl in the 
definition of Vv 

Vi^Vi + Cl (3.4.17) 
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and we obtain the stronger equation 

= (3.4.18) 



Note that H^{G) = is true for aU semi-simple Lie algebras. Using eq.(3.4.14), eq.( 3.4.18| ) can 
be rewritten in components as follows: 



(3.4.19) 



Equation (3.4.1E) is identical with the cquivariancc condition in cq.(3.4 



3.4^.1.2 The triholomorphic moment map on quaternionic manifolds 

Next, closely following the original derivation of j?^, Q I turn to a discussion of the triholo- 
morphic isometrics of the manifold QM associated with hypermultiplcts. Both in D = 4 and in 
D ~ 5 supergravity QM is quaternionic and we can gauge only those of its isometries that are 
triholomorphic and that cither generate an abelian group Q or are suitably realized as isometries 
also on the special manifold SV This means that on QAi we have Killing vectors: 

d 



(3.4.20) 

satisfying the same Lie algebra as the corresponding Killing vectors on VM. In other words 



kI^kl^^+k'l^^*+k^^u 

is a Killing vector of the block diagonal metric: 



9 



4 

hu,. 



(3.4.21) 



(3.4.22) 



defined on the product manifold VAi ^ QM. Let us first focus on the manifold QM. Triholo- 
morphicity means that the Killing vector fields leave the HyperKahler structure invariant up to 
SU(2) rotations in the SU(2)-bundle defined by eq.(^.6.4^). Namely: 



(3.4.23) 



where Wf is an SU(2) compensator associated with the Killing vector fcf . The compensator Wf 
necessarily fulfills the cocycle condition: 



(3.4.24) 



In the HyperKahler case the SU(2)-bundle is fiat and the compensator can be reabsorbed into 
the definition of the HyperKahler forms. In other words we can always find a map 



QM 



L\{q) e S0(3) 



(3.4.25) 



^^I anticipate the meaning of suitably realized to be discussed in later sections. By definitions the gauge vectors 
are in the coadjoint representation of the gauge groups. The vectors transform linearly under isometries as the 
sections defining very special geometry. It follows that under the gauge algebra these latter must decompose 
in a coadjoint representation plus, possibly, another representation R. The vectors in the representation R must 
be dualised to massive self dual 2— forms 
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that trivializes the SU-hundle globally. Redefining: 

K"" = L^'yiqjRy (3.4.26) 

the new HyperKahler form obeys the stronger equation: 

CiK"" = (3.4.27) 

On the other hand, in the quaternionic case, the non-triviality of the iSW-bundle forbids to 
eliminate the W^~compensator completely. Due to the identification between HyperKahler forms 
and SU(2) curvatures eq.( 3.4.23 ) is rewritten as: 

Ar?^ = e'y^QyWf ; = VWf (3.4.28) 

In both cases, anyhow, and in full analogy with the case of Kahler manifolds, to each Killing 
vector we can associate a triplet Vf{q) of 0-form prepotentials. Indeed we can set: 

iiK'= = -VPf = -{dV^ + e'^y'ujyr^) (3.4.29) 

where V denotes the SU(2) covariant exterior derivative. 

As in the Kahler case eq. ( |3.4.29| ) defines a moment map: 

V -.M — > ® (3.4.30) 

where G* denotes the dual of the Lie algebra Q of the group Q. Indeed let x E G be the Lie 
algebra element corresponding to the Killing vector then, for a given m E M. 

ixim) : X — > Vj^(m) e (3.4.31) 

is a linear functional on Q. If we expand ^ — a^ki on a basis of Killing vectors fci such that 

[A:i,fcL] -/iL^^^K (3.4.32) 
and we also choose a basis {x = 1, 2, 3) for M.^ we get: 

Vj^ = a^r^ U (3.4.33) 
Furthermore we need a generalization of the equivariance defined by eq. ( [3.4.8| ) 

(3.4.34) 



In the HyperKahler case, the left-hand side of eq. ( 3.4.34 ) is defined as the usual action of a vector 
field on a 0-form: 

loV^=ij^ dV^ = X- A (3.4.35) 

The equivariance condition implies that we can introduce a triholomorphic Poisson bracket de- 
fined as follows: 

= 2X"(I,J) (3.4.36) 
leading to the triholomorphic Poissonian realization of the Lie algebra: 

{Vi,V3r = Aj^k (3.4.37) 
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which in components reads: 

K.k^k^i = \f\,V^ (3.4.38) 



In the quaternionic case, instead, the left-hand side of eg. ( 3.4.34) is interpreted as follows: 



^0 7^^=1^ WV^ = X" V„ (3.4.39) 

where V is the SU(2)-covariant differential. Correspondingly, the triholomorphic Poisson bracket 
is defined as follows: 

{Vi, VjV = 2K^I, J) - A e^^^ VI (3.4.40) 
and leads to the Poissonian realization of the Lie algebra 

{Vi,VjV = Aj^k (3.4.41) 

which in components reads: 

- ^ e-'' n n = \ I\3 (3.4.42) 



Eg. ( 3. 4. 4^ ), which is the most convenient way of expressing eguivariance in a coordinate basis was 



originally written in |79| and has played a fundamental role in the construction of supersymmetric 



actions for gauged Af — 2 supergravity both in _D = 4 179, p3] and in _D = 5 |101] 



3.4.2 J\f = 2 gaugings and the composite connections 

Eguippcd with the crucial geometric structure provided by the triholomorphic moment-map let 
us come to the problem of gau ging a general M = 2 matter coupled supergravity as described by 



the bosonic lagrangian ( 2.6.73 ). To single out a viable gauge group we h ave to go through a few 
steps that have been derived by Giinaydin and Zagerman in p8| , |99| , |lO(| . 

The first thing we have to consider is the isometry group Qiso of the special manifold SVn- 
Later we have to see how it might be represented on the guaternionic manifold QM. 

By definition the vectors are in the representation R of Giso- What we can gauge is any 
uy + 1-dimensional subgroup Gg C Giso such that certain conditions are satisfied. The conditions 
are: 

a) The following branching must be true: 



R ^ Coadj(G'g) © Ds (3.4.43) 



where 



b) denotes some reducible or irreducible symplectic representation of the candidate gauge 
group Gg different from the coadjoint. By symplectic we mean the following. Let us decom- 
pose the range of the index A as in eg. ( |2.6.9D where 



I = l,...,ny + l = dimG'g (3.4.44) 

runs on the coadjoint representation of the Gg Lie algebra whose generators we denote Tj 
with commutation relations 

[Ti,Tj] = f^T-K (3.4.45) 



Gauged supergravities in five dimensions and domain walls 



76 



and 

= 1, . . . ,nT = dimDs (3.4.46) 

runs on a basis of the representation D 5 . Let be the matrix representing the generator 
Ti in T>s 

Ti ^ Ai ; [A/, Aj] -//SAk (3.4.47) 

In order for the representation to be symplectic there must exist an antisymmetric x ut 
matrix ft^ ~ — that squares to minus the identity il^ = —1 and such that: 

VTiGGg nAi + A{n^O (3.4.48) 

Indeed this ensures that our algebra Gg is a subalgebra of the symplectic algebra Sp(7iT, M). 

c) The d\Y,r invariant tensor must decompose under Gg in the following way: 

{c?ijK = Invariant tensor in the Coadj(Gg) 
'^^^^ = (3.4.49) 

d) The group Gg selected through the previous restriction must act as a triholomorphic isometry 

on the quaternionic manifold QM 0. 

The rationale for the above requirements is the following. The reason for the requirement a) 
is the same as in four-dimensions. Since the gauge vectors are by definition in the coadjoint of 
the gauge algebra it is necessary that the representation to which the vectors are pre-assigned 
should contain the coadjoint of what we want to gauge. Note also that for semisimple groups 
adjoint and coadjoint representations are equivalent but this is no longer true in the case of non 
semisimple gauge algebras. An extreme possibility is provided by abelian algebras 

yt = U(l)^®R" (3.4.50) 

where we were careful to distinguish compact from non compact generators. In this case the 
coadjoint representation vanishes and any set of £ + m vectors can be used to gauge an algebra A 
that has vanishing action on the very special manifold iSV„. The rationale for the requirements 
b) and c) is instead related to the consistent coupling of massive 2-forms. Gauge vectors that 
are in non trivial representations of a gauge group different from the coadjoint representation are 
inconsistent with their own gauge invariance. To cure this problem we have to dualise them to 
massive self-dual 2-forms, satisfying: 

B^^'"' = me>"'P''^VpB^ . (3.4.51) 

where the covariant derivative is : 

VB^ = dB^ + gA^^A^ A B^ = n^ (3.4.52) 

This is possible only if the part of the Chern Simons term involving two B.s and one A can be 
reabsorbed in the kinetic term of the 2-forms that reads as follows: 



^b" - iV^ £^'-''^^5;^ VpBf^ ^MM (3.4.53) 



^^This last requirement is that spelled out by Ceresole and Dall'Agata in 101 1 who have ext ended to the D=5 
case the methods and procedures of the geometrical gaugings originally introduced in L02 , 7^, 
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The last requirement (d) deals with the possible presence of hypermultiplets. In particular 
the action of Gg on the quaternionic manifold can be the identity action which is certainly 
triholomorphic. In this case the hypermultiplets are simply neutral with respect to the gauge 



group. Alternatively, we can consider an abelian algebra as in eq.(3.4.50) that has no action on 
the very special manifold but acts by non trivial triholomorphic isometrics on the quaternionic 
manifold. Both of these are extreme cases that allow more freedom of choice for one of the two 
manifolds. The general case corresponds to a choice of Gg that acts non trivially both on 5V„ 
and QMm and respects conditions a)-d) 

Assuming that the gauge algebra has been selected and satisfies the above criteria, the 
gauging procedure becomes smooth and fully parallel to the four-dimensional models we have 
already discussed. The essential point is always the same, namely the gauging of the scalar 
vielbein and of the composite connections acting on the fermion fields. In the case of maximal 
supersymmetry, where the scalar manifold is necessarily a homogeneous space Q/'H, these two 
gaugings are obtained in one stroke by gauging the Maurer-Cartan 1-forms, as it was done in 



eq.( 3.3.33 ). In the non maximal case we have to do it separately and specifically for the different 
factors occurring in the scalar manifold. These latter are not necessarily coset manifolds but have 
a sufficiently special geometric structure to allow the generic construction of those ingredients 
that are necessary for the gauging of the composite connections, most relevant being the role of 
the triholomorphic moment-map. 

Let us begin with the gauging of the scalar vielbein. This is equivalent to replacing the 
ordinary derivatives (or differentials) of the scalar fields with covariant ones, as follows: 

= #'+.gAifci(0) 

where g is the gauge coupfing constant and fc|(0), A;J'(g) are the killing vectors expressing the 
action of the gauge algebra generators Tj on the two scalar manifolds: 

Si4>' = fci(0) 

Siq'' = k^q) (3.4.55) 

Next we have the gauging of the composite connections. There are three of them corresponding 
to the three vector bundles of which the fermions are sections: 

(i) The Levi-Civita connection F'^ on the tangent bundle to the very special manifold T5V„. 
This enters because the gauginos X\ carry a world index of the very special manifold, namely 
are sections of TSVn 

(ii) The Sp(2m,R) connection A"''. This enters because the hyperinos C" are sections of the 
Sp(2m,K) bundle over the quaternionic manifold QM.. By definition this latter has reduced 
holonomy, so that the structural group of the tangent bundle TQM is SU(2) x Sp(2m,]R), 



as we know from section 2.6.3. 



(iii) The SUr(2) connection of i?-symmetry uj^^ This connection enters the game because both 
the gravitino tpA and the gauginos \\ are sections of the SU{2)ji vector bundle in the 
fundamental doublet representation (the index A ~ 1,2 denotes this fact). On the other 
hand the i?-symmetry bundle is identified with the SU — > QM bundle over the quaternionic 
manifold and this means that the connection lo^^ is the connection of the SU bundle describe 



in section 2.6.2 . 



In terms of the Killing vectors and of the the triholomorphic moment map Vf{q) and just following 



the original recipe developed in |79 and further clarified in [53|] the gauging of the connections 
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IS given: 



TVS 
SU 



tangent bundle 
SU(2) bundle 
Sp(2to,M) bundle 



p. 



3 ] 



SU~' ®TQM : Sp(2m,M) bundle A"'^ ^ A"'' A"/3 + ^ a^fcj- 

(3.4.56) 

where g is the same gauge coupling constant as in eq.( ^.4.54 ) while gji is an additional coupling 
constant that allows to gauge or not to gauge the i?-symnietry group SU{2). In the construction 
of the lagrangian and in checking the closure of the supersymmetry algebra it turns out that g 
and gn are independent parameters |101]. 



3.4.3 The Fermion shifts and gravitino mass-matrix 



Gauging the connections forces, through closure of the supersymmetry algebra, the inclusion 
of new non-derivative terms in the susy rules of the fermions that are completely analogous 
to their 4-dimensional counterparts of eq.s (3.2.3) and (3.2.5). Indeed as explained in sect. 3.2 
the gauging procedure of supergravity theories fits into a general and uniform pattern for all 
space-time dimensions D and for all number of supersymmetry charges Nq. The gravitino 
transformation rule ( 2.6.16| ) becomes: 



Sab e 



(3.4.57) 



where the gravitino mass matrix is given by: 



Sab = ign. ^ X\^)Vf{q) (a^)/ esc 



(3.4.58) 



while the transformation rules of the spin 1 /2 fermions have been determined by Ceresole and 
dall'Agata (see |101]) to have, apart from some trivial choice of normalizations, an identical form 
to their counterparts in D — 4 Af = 2 supergravity (see ^). Indeed one finds: 



derivative terms 
derivative terms 



(3.4.59) 



where the fermion shifts take the following explicit form: 



Y^iA\B 
^tAB 



9bW 



AB 



(3.4.60) 



^2^<^x)c e Pig 'J J 



(3.4.61) 



Indeed if one compares eq.s ( ^.4.58 ), (3. 4. 61 ) with their 4-dimensional counterparts given in eq.s 
(8.23) of one sees that (apart from the overall normalization which can be reabsorbed into 
the normalization of the corresponding fermionic field) the two sets of formulae are identical upon 
the replacement of the complex section L^{z) of special Kdhler geometry with the real section 
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X^{(j)) of very special geometry. The other noteworthy difference is that in _D = 4 the index A 
runs on the whole set of n + 1 values, n being the dimension of the special Kahler manifold. In 
five dimensions, instead, the index I runs on the Uy + 1 subset of values corresponding to the 
gauged vectors while the total dimension of the very special space is ny + nx- The remaining nx 
dimensions are, as we know, associated with the massive self-dual 2-forms. 

In five as in all other dim ension s supersymmetry imposes a Ward identity that is the straight- 
forward generalization of eq.( 3.2.(: ) namely: 



aS^^SBc 



(3.4.62) 



where Kij is the kinetic matrix of the spin 1/2 fermions and a and P are just numerical coefficients 
that differ from their analogues in 4-dimensions only because of the differences in Lorentz algebra 
and 7-matrix manipulations. Verifying such an identity whose explicit form is not written down 
in their paper, the authors of [101| have proved the supersymmetry of the gauged action and 
calculated the final form of the potential that reads as follows: 



{km 



3 9ij 



fcj kj huv 



(3.4.63) 



in terms of the moment-map ( 3.4. 29| ) and of the section of very special geometry and its 
derivative ff = diX^ (see eq.s( 2.6.2(]| ). 



3.4.4 The scalar potential, supersymmetry breaking and domain vi^alls 

We can now summarize the results of the previous section writing the general form of the bosonic 
lagrangian for a general gauged M = 2,D — 5 supergravity. The ungauged action ( 2.6.73 ) is 
replaced by the following gauged one: 



C 



(gauged) 



—g(2R- ^Mj(0)Fi F^l^-^ 



- 5,, (0) 8^4^' ctP + (q) d^q^ q^ - V((/., q)) 
-rfiJK -F'y + - ^MM Vp B^^ 



where the potential V((/),g) is that given in eq.( f3.4.6^ ). 



(3.4.64) 



General pattern of supersymmetry breaking in D — 5 Following the general discussion of eq.s 
(3.2.17) in A/'-extended D = b supergravity a conventional vacuum configuration 00 that pre- 
serves A/q supersymmetries is characterized by the existence of Ao vectors {1 = 1,... , Ao) of 
USp(7V), such that 



Sab (M pf,)=e'V^PAm 

^A (M pfi) - , 



(3.4.65) 



where is an irrelevant phase, V is the scalar potential and Sab is the gravitino mass-matrix, 
uniformly defined for all J\f by eq. ( 3.4.5^ ). 
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3.4^.4.1 Properties of the J\f — 2 potential and anti de Sitter vacua 

As it was already pointed out in chapter the embedding of the RandaU-Sundrum scenario inside 
a supersymmetric five-dimensional field theory requires that the following schematic situation 
should be realized: 

• The candidate theory admits at least two different anti de Sitter vacua with the same vacuum 
energy, namely two extrema of the scalar potential (p^^ and (/){,^' with > V ('/'o^') — ^ ('^cf') 

• The two AdS vacua (/)q1] and (/>q2] are stable, that is the spectrum of small fluctuations 
around these points satisfies the Breitcnlohner Friedman boundp^ 

• There exists a smooth domain wall solution interpolating between these two vacua. 

In view of these facts it is specifically interesting to survey the conditions for the existence of 



anti de Sitter vacua. According to our general discussion following eq.(B.2.1) we have anti de 
Sitter vacua if V{qo,(j)o) < for V'(qo,0o) — 0. Thus it is straightforward to see that the only 
contribution which can allow for such solutions is the term 

V = - - gjiX^ Pf Pj= + positive contributions (3.4.66) 
3 

coming from the i?-symmetry gauging of the gravitinos. Indeed this is the only negative contri- 
bution to the potential. This implies that a simple Yang-Mills gauging, even in presence of both 
tensor and hypermultiplets, does not allow any anti de Sitter solution. 
We can briefly analyze various cases. 

a) If we set m = there are no hypermultiplets and the quaternionic manifold disappears. 
Correspondingly, as already noted in |5^ for the 4-dimensional case, the killing vector 
fcj is zero while the triholomorphic moment maps are SU(2) Lie algebra valued constants 
that, because of eq.( 3.4.4^ ), must satisfy the condition: 



5/ijeK = i5i?e-*fi^C^ (3.4.67) 

Generically the break SU(2) U(l). If the gauge group Q contains a subgroup SU{2), 
this can be identified with the R-symmetry group setting ^[ = (5J'. 



al) If at m = one makes the choice = (0, Vi, 0), the condition ( 3.4.67| ) reduces to 



/ijVk = (3.4.68) 

As already noted in Q for the four-dimensional case this is the Fayet-Iliopoulos 
phenomenon which corresponds, in mathematical language to the possibility of lifting the 
moment-maps to a non zero level for all the generators belonging to the center of the gauge 
Lie algebra. 

b) If we both set m = 0, namely we include no hypermultiplet but we also set nx — namely 
we consider only vector fields in the coadjoint representation of the gauge group (i.e. the 
symplectic representation D5 of the massive two forms is deleted), then one can easily prove 
that 

X^kl^O (3.4.69) 

For a review of this bound see for instance ]67) Volume I 
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This implies that the scalar potential 3.4.63 reduces to: 



(3.4.70) 
(3.4.71) 



the constant coefficients Vi being those introduced above and satisfying the consistency 



condition (3.4.68). The interesting thing about the potential (3.4.70) is that it follows in the 
general class of potentials of the form: 



V 



[{D -1)W^ - {D- 2)g'^diWdjW] 



(3.4.72) 



where W{(j)) is a real function named the superpotential, D denotes the space-time dimen- 
sions and g^^ is the positive definite kinetic metric of the scalar fields. In |104| Townsend 



has shown that the structure (B.4.72) is precisely that required for vacuum stability. This 
is an encouraging starting point for the search of domain wall solutions fitting the Randall 
Sundrum scenario but unfortunately all attempts in this direct ion have so far been rebuked. 
There is actually a negative result due to Kallosh and Linde |105| that excludes such solu- 
tions within this class of models and also within the larger class that includes also tensor 
multiplets tit ^ 0. This result does not exclude, for the time being cases involving also the 
hypermultiplets, where the situation is still not completely clarified. 

c) If we set nv + nx = there are no vector multiplets and we have simply hypermultiplets. Then 
X'^ = 1 and there is just one gauge vector: the graviphoton whose action on the quaternionic 
manifold is described by the triholomorphic Killing vector kg The potential is still non-zero 
and becomes 

4 



V — g kj kj 
which in principle can admit anti de Sitter vacua. 



9l- 



px px 
^0 ^0 



(3.4.73) 



d) Pure 5-dimensional supergravity is retrieved as a subcase of the above case setting also the 
number of hypermultiplets to zero. 



3.4.5 Comparison with the JV = 8 gaugings 

It is quite instructive to make a comparison of the gauged N ^ 2 theory with the gaugings of the 
five dimensional Af — 8 theory described in section 

The main issue is the choice of the gauge group. Here the isometry of the scalar manifold is 
i?g(g) and the 27 vectors (prior to gauging) sit in the fun damental representation of i?6(6) which 
is precisely 27-dimcnsional. In full analogy to eg. ( 3. 4. 43 ) the gauge algebra Q must be chosen in 
such a way that: 

27 Coadj (G) e Bs (3.4.74) 

where D5 is a symplectic representation of ^. It turns out that this request is satisfied if and 
only if is a fifteen-dimensional subgroup of SL(6,M) C i?(6)6 whose adjoint is identified with 
the 15 representation of SL(6,K). Indeed the 27 of E(g)g decomposes under 



SL(6,R) X SL(2,R) c £(6)6 



(3.4.75) 



as 



27 — > (15,1)® (6,2) 



(3.4.76) 
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(for example, L/^ — > (L^-''^^,L^/^)) so that the property ( |3.4.74D is satisfied, (6, 2) being the 



requested symplectic representation D5. The subgroups of SL(6,R) whose adjoint is the 15 of 
SL(6,M) are the SO(p, q) groups with p + q = 6 and their contractions CSO(p,q, r) (see section 



3.3.6|for the relevant definitions). The possible gaugings are then restricted to these groups. The 



normalizer in -E(6)6 of all these groups is the same as the normalizer of SL(6, K), namely SL(2, K). 
Therefore this latter is the residual global symmetry for all possible gaugings. The 27 vectors 

are then decomposed into the vectors Ajj in the (15, 1), that gauge Q, and the vectors in 
the (6, 2), which do not gauge anything and are then forced to be dualised into two-forms B^". 
In comparison with the Af = 2 case we see that the pair of indices la is the analogue of the 
symplectic index M while the antisymmetric pair of indices IJ is the analogue of the index I 
labeling the gauge group generators. 

The fifteen generators G^'^ of G can be expressed as linear combinations of the 35 generators 
Gr (f=l, . . . 35) of SL(6, M): G^'^ = Gr e^^"^ where e''^'^ is the embedding matrix which describes 
the embedding of G into SL(6,M). This is fully analogous to the embedding matrix used in the 
gaugings of maximal D = 4 supergravity (see eq.( ^.3.31 ). For all the admissible cases in the 



fundamental 6-dimensional representation the generators of the gauge group G take the form 



[1061 



(G^^)^ = S^Itj-^^^ (3.4.77) 

where t]''^ is a diagonal matrix with p eigenvalues equal to 1, q eigenvalues equal to (—1) and, only 
in the case of contracted groups, r null eigenvalues. This signature completely characterizes the 



gauge groups and correspondingly the gauged theory. From (3.4.77) one can build the generators 



of C -E(6)6 in the 27 representation of i?(6)6j namely some suitable matrices {G^^^)J^. According 



to the general framework outlined in section 3.3.3, in presence of gauging, the composite H 



connection of USp(8) and the scalar vielbein, defined in (2.6.12) are replaced by their gauged 
analogues: 

h-Z^'^dh/^ + 5(L-i)^^(G^^)/Ls^^A,^ = Q^/^ + V^f^ , (3.4.78) 

where g is the gauge coupling constant. The covariant USp(8) derivative of a field Va is defined 
as 

WVa = VVa + Qa a Vb (3.4.79) 

where 2? is the Lorentz-covariant exterior derivative. The covariant derivative with respect to G 
of a field in the 6 of SL(6,R) is instead defined as follows: 

DV^ = VF^ + g{G^^YjAKL A V'^ . (3.4.80) 

The decomposition of the field content of maximal supergravity according to the gauge and R- 



symmetry group representations is given in table 3.4 The solution of superspace Bianchi identities 



leading to a closed supersymmetry algebra that implies consistent supersymmetric field equations 



has been recently obtained in |103| and shown to exist for all SO(p, q) and CSO(p,q, r) algebras. 



The first set of semisimple gaugings had been constructed long ago by Gunaydin and Warner 



[106|. The non semisimple gaugings CSO(p, q, r) are instead new, since they appear to be theories 
similar to type IIB supergravity where only the field equations exist but it is not easy to write 
a conventional action. What is important is that, irrespectively of the choice of the gauge group 
within the allowed class we can write the fermion shifts and the scalar potential. For the gravitino 
mass-matrix we find: 

SAB = ~^gTAB (3.4.81) 
45 
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# 


Field 


(SU(2) X SU(2))-spin rep. 


USp(8) rep. 


Q rep. 


1 


ya 


(1,1) 


1 


1 


8 




(1,1/2)0(1/2,1) 


8 


1 


15 


Aij 


(1/2,1/2) 


1 


15 


12 




(1,0)0(0,1) 


1 


606 


48 




(1/2,0)0(0,1/2) 


48 


1 


42 




(0,0) 


27 


27 



while for the dilatino shifts we have: 

^^ABC — derivative terms + S^^^ tn 

^1bc^9^A%c (3.4.82) 

Both structures are extracted from the gauge Maurer Cartan equations, in particular from the 
USp(8) tensors: 



-< CDEF = CD JA '^S '^EFI.J 

1 



(3.4.83) 



^ABCDEF = 2 (^-^BCDBF ± YcDABEf) 



(3.4.84) 

'^^BCD = ^^^BFCD ■ (3.4.85) 



Indeed we have: and the tensors Tab{<P), ^ABci'^) ^^'^ defined as |^ 



Tab — T^ACB' ^abc — '^Mscii ■ (3.4.86) 



Then, from the general Ward identity (3.4.62) one finds the scalar potential that reads: 

(3.4.87) 



V = -4.9^ 



2 rj^ rjiAB 1 A aABCD 

675 96 



As the reader can see all this is completely analogous to the construction of the Af — 8 gaugings 
described in section and parallels the construction of the matter coupled Af — 2 gauged theory 
in all respects. 

3.5 On the quest for supersymmetric brane worlds 



Unfortunately a careful analysis of the scalar potentials (3.4.87) and ( 3.4.63D in the case of non 



semisimple, non compact gauge algebras is not available at the moment. This is not due to 
conceptual problems but simply to the fact that such an analysis has not been done yet. It 

^"^l. . .]\ denotes the symplectic tracelcss antisymmctrization. 
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is clearly a programme that will be accomplished soon. Indeed there are many reasons, in my 
opinion, to believe that this is the right corner where to look for possible embeddings of brane 
world solutions within a supersymmetric theory. This is mainly due to the close relationship 
between partial supersymmetry breaking mechanisms and non compact gaugings. Of this relation 
there are many examples in the existing literature, in particular in A/" = 2, Z? = 4 supergravity 
pg] , |90| , |87| , |8^ . On the other hand it appears to me that the same properties of the scalar 
potential and of the fermion shifts that allow for the existence of non trivial Killing spinors are 
those that might allow for suitable non trivial brane-world like solutions of the bosonic field 
equations. An indirect argument to support this viewpoint comes from the combination of two 
recen t developments related to Kaluza Klein consistent truncations. The first result obtained in 
[ 107 is the following. Consider the compactification of type IIB supergravity on AdS^ x and 
the infinite tower of Kaluza Klein supermultiplets. If one truncates to the massless modes the 
resulting theory i s D = 5 maximal supergravity with the compact gauging SO (6 ). Its potential 
is encoded in eq.( |3.4.8'^ ) with the appropriate choice of the embedding matrix ( 3.4.77 ). It was 
known that this theory does not support any Randall- Sundrum brane world solution. However if 
one truncates to a larger theory that includes also the massive multiplet corresponding to the 
breathing mode then the situation is reversed and a supersymmetric realization of the Randall- 
Sundrum brane world can be found. The second result was derived in and goes as follows. 

Considering the entire Kaluza Klein spectrum of M-theory compactifications on AdS4 x where 
is some compact 7-manifold one finds that there are massive multiplets with rational conformal 
dimensions that are linked to the massless multiplets by a curious and very general pairing named 
shadowing. One can prove that the truncation to the massless graviton multiplet plus its massive 
shadow is always a consistent truncation. Furthermore the shadow multiplet always contains 
the breathing mode considered in |107|. In the case of A/" = 3 compactifications it turns out 
that the shadow multiplet is a massive gravitino multiplet so that the consistent truncation that 
includes the shadow, being the union of an A/" = 3 massless graviton multiplet with a massive 
gravitino multiplet looks like a spontaneously broken version of an A/" 4 theory. However it 
was shown in that no existing version of gauged A/" = 4 supergravity can encode the breaking 
pattern realized by the Kaluza Klein spectrum. It is a really recent result to be published in a 
forthcoming paper |108 that the appropriate Af = 4 theory realizing the Kaluza Klein breaking 
pattern has been found. It is a very particular instance of non compact non semisimple gauging. 
This concludes my heuristic argument. Combining these two informations one has a strong hint 
that brane world solutions are related to partial supersymmetry breaking mechanisms and that 
both are embedded in supergravity theories where a non semisimple solvable algebra h as been 
gaug ed. In view of this it appears quite mandatory that the structure of the potentials ( 3.4.87 ) 
and ( 3.4.63| ) should be carefully analyzed in the case of non semisimple gaugings. The best 
approach to this analysis seems to be provided by the solvable parametrizations of the scalar 
coset manifolds (see section ^.31 ) where the coset representatives are always polynomials and 
where the correspondence between scalar fields and compactified Ramond and Neveu Schwarz 
p- forms is quite effective and punctual (see table 4.3 ) 



Chapter 4 



Solvable Lie Algebras in supergravity and 
superstrings 



4.1 Introduction: gaugings versus BPS black hole classification 

In the previous chapters I have illustrated the geometric structures that underlie supergravity 
lagrangians, emphasizing that they are essentially dictated by the number of supercharges Nq 
and by the dimensionality D of space-time. So doing I tried to illustrate the interplay between the 
geometry of the scalar manifold in ungauged supergravity and the possible choices of a gauging, 
which is generically triggered by the near brane geometry of any p-brane configuration. 

A fundamental problem that remains so far open is that of giving a _Dp-brane interpretation 
to all the compact and non compact gaugings of supergravities in diverse dimensions. Conversely 
one would like to predict the gauged supergravity in p + 2-dimensions of which the the near brane 
geometry of a p-brane is a classical solution. 

Although the solution of such a problem is unknown at the present time I want to stress 
that there is a very similar problem which was instead completely solved, at least in the case of 
the maximal number of supercharges Nq = 32. I refer to the classification of all BPS black- 
hole solutions of A/" = 8 supergravity and to their microscopic interpretation in terms of Dp- 
brane configurations. Since the pioneering work on supersymmetric black holes of the middle 



nineties 116, |115| , 114 , 113 1 and the statistical interpretation of the Bekenstcin Hawking 



entropy in terms of D-brane microstates found in 1995 by Strominger and Vafa | 112 ], it became 
evident that a classification of BPS black hole solutions in four dimensions and a derivation 
of their geometry from microscopic Z3p-brane configurations was an essential step forward in 
understanding quantum gravity. The essential point in such a programme is the need to master 
the U-duality transformations that map Ramond states into Neveu Schwarz ones and extend 
the S X T duality transformations respecting the two sectors of superstrings but relating type 
II A to type IIB p-branes. At the level of supergravity all such transformations are part of 
the isometry group Gtso of the scalar manifold, while at the microscopic superstring level they 
play well distinguished roles. Hence a necessary bridge to relate microscopic superstring physics 
to macroscopic classical solutions of supergravity is given by a some suitable treatment of the 
scalar manifold able to separate Ramond from Neveu Schwarz directions. For all supergravities 
where M scalar is a homogeneous coset manifold the appropriate tool is provided by the so called 
Solvable Lie algebra parametrization of the non compact coset G/H. In particular, as anticipated 
in chapter || the sequential toroidal compactifications of either type IIA or type IIB superstrings 
can be algebraically understood in terms of certain very specific chains of Solvable Lie algebras. 
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This approach, estabhshed inj54, |5^, was further extended by Bertohni and Trigiante [120 



who succeed ]118| , [119[ , |120| , 121] in deriving a general five parameter dependent solution for 
Af = 8 black holes preserving ^ of the supersymmetry and relating it in a well defined way to 
Dp-brane configurations characterized by Ramond charges and angles between the branes. The 
essential token in such a derivation was indeed the Solvable Lie algebra technology leading to an 
algebraic characterization of scalar and vector fields which can be made so precise as to associate 
each component of the conipactified metric and p + 1 forms to the various roots and weights of 
the U-duality group. 

It is quite natural to think that the same technology that links microscopic i'p-configurations 
to black solutions should link classical domain walls of gauged supergravities in p + 2 dimensions 
to their microscopic description in terms of D-brane systems. For this reason I devote the last 
chapter of my lectures to a review of this general algebraic framework relating the superstring 
origin of supergravity (and hence of its p-brane solutions) to its scalar geometry. 



4.2 Solvable Lie algebras: NS and RR scalar fields 

Let us name Q = V(d,N')j ^ = H(Z5.aA) ttic isometry and isotropy groups, respectively, that define 
the scalar coset manifold in D-dimensional, A/'-extended supergravity. The exciting developments 
of the second string revolution have started from the conjecture [Q that an appropriate restriction 
to integers U(£) of the Lie group U(£) is an exact non perturbative symmetry of string 

theory. Eventually it permutes the elementary, electric states of the perturbative string spectrum 
with the non perturbative BPS saturated states like the magnetic p-branes of various type. This 
U-duality unifies S-duality_(strong-weak duality) with T-duality (large-small radius duality) . 

As discussed in |5), utilizing a well established mathematical framework |5^, in all 
these cases the scalar coset manifold U/H can be identified with the group manifold of a normed 
solvable Lie algebra: 

U/H - exp[S'o/?;] (4.2.1) 

The representation of the supergravity scalar manifold Mscaiar = U/H as the group manifold 
associated with a normed solvable Lie algebra introduces a one-to-one correspondence between 
the scalar fields (p^ of supergravity and the generators T/ of the solvable Lie algebra Solv (U/H). 
Indeed the coset representative L(U/H) of the homogeneous space U/H is identified with: 

L(0) = exp[<?!)-^T/] (4.2.2) 

where {Tj} is a basis of Solv (U/H). 

As a consequence of this fact the tangent bundle to the scalar manifold T Mscaiar is identified 
with the solvable Lie algebra: 

T M scalar ^ Solv (U/R) (4.2.3) 

and any algebraic property of the solvable algebra has a corresponding physical interpretation in 
terms of string theory massless field modes. 

Furthermore, the local differential geometry of the scalar manifold is described in terms of 
the solvable Lie algebra structure. Given the euclidean scalar product on Solv: 

< , > : Solv ® Solv -> R (4.2.4) 
<X,Y > = <Y,X > (4.2.5) 

the covariant derivative with respect to the Levi Civita connection is given by the Nomizu operator 




\fX e Solv : ]Lx ■■ Solv -> Solv (4.2.6) 
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VX, Y,Z e Solv : 2<Z, TLxY > 

= < Z,[X,Y]> - < X, [Y, Z]> - <Y, [X, Z] > (4.2.7) 

and the Riemann curvature 2-form is given by the commutator of two Nomizu operators: 

< W,{[^x,TLy]~^x.y]}Z >= R^ziX.Y) (4.2.8) 

In the case of maximally extended supergravities in Z) = 10 — r dimensions the scalar manifold 
has a universal structure: 

^ E.+i(.+i) ^^ 2.9) 

where the Lie algebra of the Uu-group 'Ei^j^n^.j^i-^ is the maximally non compact real section of the 
exceptional E^+i series of the simple complex Lie Algebras and H^+i is its maximally compact 
subalgebra [^Sj. As shown in the manifolds Er+i(r+i)/Hr+i share the distinctive property 

of being non-compact homogeneous spaces of maximal rank r + 1 , so that the associated solvable 
Lie algebras, such that Er-|-i(r+i)/H,.+i = exp [iS'o^W(r+i)] , have the particularly simple structure: 

Solv (E,+i/H,+i) = Tir+i ®ae*+(E.+i) E" (4.2.10) 

where E" C E,+i is the 1-dimensional subalgebra associated with the root a and <i>+(Er+i) is 
the positive part of the E^+i-root-system. 

The generators of the solvable Lie algebra are in one to one correspondence with the scalar 
fields of the theory. Therefore they can be characterized as Neveu Schwarz or Ramond Ramond 
depending on their origin in compactified string theory. From the algebraic point of view the 
generators of the solvable algebra are of three possible types: 

(i) Cartan generators 

(ii) Roots that belong to the adjoint representation of the Dr = SO(r, r) C ^r+i{r+i) subalgebra 
(= the T-duality algebra) 

(iii) Roots which are weights of an irreducible representation of the D^. algebra. 

The scalar fields associated with generators of type 1 and 2 in the above list are Neveu-Schwarz 
fields while the fields of type 3 are Ramond-Ramond fields. 

In the r = 6 case, corresponding to D = 4, there is one extra root, besides those listed above, 
which is also of the Neveu-Schwarz type. From the dimensional reduction viewpoint the origin 
of this extra root is the following: it is associated with the axion which only in 4-dimensions 
becomes equivalent to a scalar field. This root (and its negative) together with the 7-th Cartan 
generator of 0(1, 1) promotes the S-duality in Z) = 4 from 0(1, 1), as it is in all other dimensions, 
to SL(2,M). 



4.3 Non compact cosets and solvable Lie algebras: the general setup 

The relation between coset manifolds and solvable Lie algebras illustrated above in the case of 
maximal supergravities can be generalized to all instances of non compact cosets as we have 
already emphasized. Let us dwell a little more on the general idea of this relation according 
to which any homogeneous non-compact coset manifold may be expressed as a group manifold 
generated by a suitable solvable Lie algebra. Q 
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Let us start by giving few preliminary definitions. A solvable Lie algebra Solv is a Lie 
algebra whose n*'* order (for some n > 1) derivative algebra vanishes: 

V^'^^Solv = 

VSolv = [Solv, Solv] ; Solv = [V^''^ Solv, V^^^ Solv] 

A metric Lie algebra (G, (, )) is a Lie algebra endowed with an euclidean metric (, ). An important 
theorem states that if a Riemannian manifold [M. , g) admits a transitive group of isometries Qs 
generated by a solvable Lie algebra Solv of the same dimension as M. , then: 

M^gs= cicp{Solv) 

9\eeM = (: ) 

where (, ) is an euclidean metric defined on Solv. Therefore there is a one to one correspondence 
between Riemannian manifolds fulfilling the hypothesis stated above and solvable metric Lie 
algebras {Solv, (, )). 

Consider now an homogeneous coset manifold M — U/7i, U being a non compact real form of a 
semisimplc Lie group and H its maximal compact subgroup. If U is the Lie algebra generating U, 
the so called Iwasawa decomposition ensures the existence of a solvable Lie subalgebra Solv C U, 
acting transitively on A4 , such that |Q : 

lJ = m + Solv dim Solv = dim M (4.3.11) 

H being the maximal compact subalgebra of U generating H. In virtue of the previously stated 



theorem, M may be expressed as a solvable group manifold generated by Solv, namely eq.( 4.2.1 )is 
true. 

The algebra Solv is constructed as follows . Consider the Cartan decomposition 

U = H®]K (4.3.12) 

where K is the subspace consisting of all the non compact generators of U. Let us denote by Ck 
the maximal abelian subspace of K and by C the Cartan subalgebra of U. It can be shown 
that Ck = C n K, namely it consists of all non compact elements of the Cartan subalgebra C. 
Furthermore let /i^. denote the elements of Ck, {ai} being a subset of the positive roots of U 
and A+ the set of positive roots (3 not orthogonal to all the ai (i.e. the corresponding "shift" 
operators E^j do not commute with Ck)- It can be shown that the solvable algebra Solv defined 
by the Iwasawa decomposition is constructed expressed in the following way: 

Solv = ® { ^ E„ n U} (4.3.13) 

aeA + 

where the intersection with U means that Solv is generated by those suitable complex combina- 
tions of the "shift" operators which belong to the real form of the isometry algebra U. 

The rank of a homogeneous coset manifold is defined as the maximum number of commuting 
semisimple elements of the non compact subspace IK. Therefore it coincides with the dimension of 
Ck, i.e. with the number of non compact Cartan generators of U. A coset manifold is maximally 
non compact if C = Ck C Solv. As we have seen in the previous section this kind of manifolds 



correspond to the scalar manifolds of maximally extended supergravities. Indeed eq. (4.2.10) 



is just a particular case of eq.(4.3.13) where all the positive roots are retained and the Cartan 



subalgebra is completely non-compact. 
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4.4 Counting of massless modes in sequential toroidal compactifica- 
tions of D = 10 type IIA superstring 

In order to make the pairing between scalar field modes and solvable Lie algebra generators 
explicit, it is convenient to organize the counting of bosonic zero modes in a sequential way that 
goes down from D = 10 to D = 4 in 6 successive steps. 

The useful feature of this sequential viewpoint is that it has a direct algebraic counterpart 
in the successive embeddings of the exceptional Lie Algebras E^+i one into the next one: 

E7(7) 3 Ee(e) D £5(5) D D £3(3, D Eafa) D 0(1, 1) (AA^A^ 

D = 4: ^ D = 5 D = 6 <- D = 7 D = 8 <- D = 9 ^ D = W ^i.-i-i-'*) 

If we consider the bosonic massless spectrum |^9[ of type II theory in = 10 in the Neveu- 
Schwarz sector we have the metric, the axion and the dilaton, while in the Ramond-Ramond 
sector we have a 1-form and a 3-form: 

^ = 10 {rR- Ta''^ (4.4.15) 

corresponding to the following counting of degrees of freedom: # d.o.f. g^^, = 35, # d.o.f. 
B^i, = 28, # d.o.f. A^ = 8, # d.o.f. A^^p = 56 so that the total number of degrees of freedom is 
64 both in the Neveu-Schwarz and in the Ramond: 

Total # of NS degrees of freedom = 64 = 35 + 28 + 1 

Total # of RR degrees of freedom = 64 = 8 + 56 (4.4.16) 

It is worth noticing that the number of degrees of freedom of N-S and R~R sectors are equal, 
both for bosons and fermions, to 128 = (64)Ars + {(!)4)b.r- This is merely a consequence of type 
II supersymmetry. Indeed, the entire Ramond sector (both in type IIA and type IIB) can be 
thought as a spin 3/2 multiplet of the second supersymmetry generator. 

Let us now organize the degrees of freedom as they appear after toroidal compactification 
on a r-torus ||60|| : 

Mw=MD~r®Tr (4.4.17) 

Naming with Greek letters the world indices on the D-dimensional space-time and with Latin 
letters the internal indices referring to the torus dimensions we obtain the results displayed in 



Table 4.1 and number-wise we obtain the counting of Table 4.2: 



Table 4.1. Dimensional reduction of type IIA fields 













Neveu Schwarz 






Ramond Ramond 










Metric 






















3-forms 












A^jjp 










2-forms 












Af^ii/i 










1-forms 












A/i, A/iij 










scalars 






gi], Bij 






Ai^ Aijk 







We can easily check that the total number of degrees of freedom in both sectors is indeed 64 
after dimensional reduction as it was before. 



Er+1 subalgebra chains and their string interpretation 



90 



Table 4.2. Counting of type II A fields 













Neveu Schwarz 






Ramond Ramond 










Metric 






1 
















# of 3-forms 












1 










# of 2-forms 






1 






r 










# of 1-forms 






2r 






l + |r(r-l) 










scalars 






1 + i r (r + 1) 
+ i r (r - 1) 






r + ir(r- l)(r-2) 







4.5 E,+i subalgebra chains and their string interpretation 

We can now inspect the algebraic properties of the solvable Lie algebras Solvr+i defined by eq. 
( 4.2.10| ) and illustrate the match between these properties and the physical properties of the 
sequential compactification. 

Due to the specific structure ( 4.2. 1C| ) of a maximal rank solvable Lie algebra every chain of 
regular embedding s: 

E^+i D D i^^Vi ^ • ■ ■ ^ K+i ^ ■■■ (4.5.18) 



where Ji'^+i ^'''^ subalgebras of the same rank and with the same Cartan subalgebra TLr+i as E^+i 
reflects into a corresponding sequence of embeddings of solvable Lie algebras and, henceforth, of 
homogeneous non-compact scalar manifolds: 



(4.5.19) 



which must be endowed with a physical interpretation. In particular we can consider embedding 
chains such that Q : 

^Kl®X\ (4.5.20) 

where K^, is a regular subalgebra of rank = r and XI is a regular subalgebra of rank one. Because 
of the relation between the rank and the number of compactified dimensions such chains clearly 
correspond to the sequential dimensional reduction of either type IIA (or B) or of M-theory. 
Indeed the first of such regular embedding chains we can consider is: 



k: 



r+l 



E 



)=i 0(1,1), 



(4.5.21) 



This chain simply tells us that the scalar manifold of supergravity in dimension D = 10 — r 
contains the direct product of the supergravity scalar manifold in dimension D = 10 — r + 1 with 
the 1-dimensional moduli space of a 1-torus (i.e. the additional compactification radius one gets 
by making a further step down in compactification). 

There are however additional embedding chains that originate from the different choices of 
maximal ordinary subalgebras admitted by the exceptional Lie algebra of the E^+i series. 

All the Er+i Lie algebras contain a subalgebra Dr ® 0(1, 1) so that we can write the chain 



k: 



r+l 



Dr.-, 



1 0(1,1), 



(4.5.22) 



As we discuss more extensively later on, the embedding chain (4.5.22) corresponds to the decom- 
position of the scalar manifolds into submanifolds spanned by either N-S or R-R fields, keeping 
moreover track of the way they originate at each level of the sequential dimensional reduction. 
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Indeed the N-S fields correspond to generators of the solvable Lie algebra that behave as integer 
(bosonic) representations of the 

Dr-i = SO{r-i,r-i) (4.5.23) 
while R-R fields correspond to generators of the solvable Lie algebra assigned to the spinorial 



representation of the subalgebras (4.5.23). A third chain of subalgebras is the following one: 



and a fourth one is 



K+i = Ar-i-., © Ai ©}±i 0(1, l)j (4.5.24) 



= Ar-^ ®]t\ 0(1, 1), (4.5.25) 



The physical interpretation of the ( 4.5.24 ), illustrated in the next subsection, has its origin in 
type IIB string theory. The same supergravity effective lagrangian can be viewed as the result 
of compactifying either version of type II string theory. If we take the IIB interpretation the 
distinctive fact is that there is, already at the 10-dimensional level a complex scalar field E 
spanning the non-compact coset manifold SL(2, R)[//0(2). The 10-dimensional U-duality group 
SL(2,M)t/ must therefore be present in all lower dimensions and it corresponds to the addend Ai 



of the chain ( [1.5. 24| ). 

The fourth chain ( [4.5. 25| ) has its origin in an M-theory interpretation or in a physical problem 



posed by the D — A theory. 

If we compactify the D = 11 M-theory to D = 10 — r dimensions using an (r + l)-torus 
Tr+i, the flat metric on this is parametrized by the coset manifold GL(r + l)/0(r + 1). The 
isometry group of the [r + l)-torus moduli space is therefore GL(r + 1) and its Lie Algebra 



is Aj. + 0(1, 1), explaining the chain (4.5.25). Alternatively, we may consider the origin of the 
same chain from a = 4 viewpoint. There the electric vector field strengths do not span 
an irreducible representation of the U-duality group E7 but sit together with their magnetic 
counterparts in the irreducible fundamental 56 representation. An important question therefore 
is that of establishing which subgroup Gei C E7 has an electric action on the field strengths. The 
answer is [ [6l[ : 

Gel = SL(8,M) (4.5.26) 

since it is precisely with respect to this subgroup that the fundamental 56 representation of E7 
splits into: 56 = 28 © 28. The Lie algebra of the electric subgroup is A^ C E7 and it contains 
an obv ious subalgebra Aq © 0(1,1). The intersection of this latter with the subalg ebra c hain 
( 4.5.21 ) produces the electric chain ( 4.5.25[ ). In other words, by means of equation ( 4.5.25| ) we 
can trace back in each upper dimension which symmetries will maintain an electric action also 
at the end point of the dimensional reduction sequence, namely also in D = 4. 

We have spelled out the embedding chains of subalgebras that are physically significant 
from a string theory viewpoint. The natural question to pose now is how to understand their 
algebraic origin and how to encode them in an efficient description holding true sequentially in 
all dimensions, namely for all choices of the rank r + 1 = 7, 6, 5, 4, 3, 2. The answer is provided 
by reviewing the explicit construction of the E^+i root spaces in terms of r + 1-dimensional 
euclidean vectors lo. 



4.5.1 Dynkin diagrams of the E^^i^r^i) root spaces and structure of the associated 
solvable algebras 

The root system of type 'Ejr+i(r+i) can be described for all values of 1 < r < 6 in the following way. 
As any other root system it is a finite subset of vectors $^+1 C W'^^ such that Va, /3 G $r+i one 
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has {a, (3) = 2{a, f3)/{a, a) G Z and such that $^+1 is invariant with respect to the reflections 
generated by any of its elements. For an expUcit listing of the roots we refer the reader to 
[ p4| , [55| ]. We just recall that the most efficient way to deal simultaneously with all the above root 
systems and see the emergence of the above mentioned embedding chains is to embed them in the 
largest, namely in the E7 root space. Hence the various root systems E^+i will be represented 
by appropriate subsets of the full set of E7 roots. In this fashion for all choices of r the E^+i are 
anyhow represented by 7-components Euclidean vectors of length 2. 

Given a basis of seven simple roots ai , . . . 017 whose scalar products are those predicted by 
the E7 Dynkin diagram: 



ai = 



1 1 1 


11111 


2' 2' 2' 


2' 2' 2'V2j 


a2 


= {0,0,0,0,1,1,0} 


as = 


{0,0,0,1,-1,0,0} 


Ck4 = 


{0,0,0,0,1,-1,0} 


"5 = 


{0,0,1,-1,0,0,0} 


Ckg = 


{0,1,-1,0,0,0,0} 


"7 = 


{1,-1,0,0,0,0,0} 



(4.5.27) 



the embedding of chain (4.5.21) is easily described. By considering the subset of r simple roots 
ai,Q!2 ... ar we realize the Dynkin diagrams of type E^+i. Correspondingly, the subset of all 
roots pertaining to the root system $(Er+i) C <&(E7) can be explicitly found. At each step 
of the sequential embedding one generator of the r + 1-dimensional Cartan subalgebra 7ir+i 
becomes orthogonal to the roots of the subsystem 3>(Er) C $(Er+i), while the remaining r span 
the Cartan subalgebra of E^. In order to visualize the other chains of subalgebras it is convenient 
to make two observations. The first is to note that the simple roots selected in eq. ( 4.5.27| ) are of 
two types: six of them have integer components and span the Dynkin diagram of a Dg = S0(6, 6) 
subalgebra, while the seventh simple root has half integer components and it is actually aspinor 
weight with respect to this subalgebra. This observation leads to the embedding chain ( 4.5.22 ). 
Indeed it sufhces to discard one by one the last simple root to see the embedding of the -Dr-i Lie 
algebra into Dr C E^+i. As discussed in the next section Dr is the Lie algebra of the T-duality 
group in type IIA toroidally compactified string theory. 

The next observation is that the E7 root system contains an exceptional pair of roots (3 = 
±1/267 = ±'\/2(0, 0, 0, 0, 0, 0, 1), which does not belong to any of the other $(Ej.) root systems. 
Physically the origin of this exceptional pair is very clear. It is associated with the axion field 
Bfj^i, which in D = 4 and only in 13 = 4 can be dualize d to an additional scalar field. This root 
has not been chosen to be a simple root in eq.( 4.5.27 ) since it can be regarded as a composite 
root in the ai basis. However we have the possibility of discarding either 02 or ai or in favour 
of /? obtaining a new basis for the 7-dimensional euclidean space M7 . The t hree choices in this 
operation lead to the three different Dynkin diagrams given in fig.s (LI) and ( |4.2| ), corresponding 
to the Lie Algebras: 

AeAs, DeOAi, Ar (4.5.28) 

From these embeddings occurring at the E7 level, namely in D = A, one deduces the three 
embedding chains (4. 5. 22), (4. 5. 24), (4. 5. 25): it just suffices to peal off the last a^+i roots one by 
one and also the (3 root that occurs only in £> = 4. One observes that the appearance of the f3 
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Figure 4.1. S and T duality subalgebras from Dynkin diagrams 

O-O-O-OT^ ^lA^O SL(6,R)^ X SL(3,R)^ 

' S-U Duality subalgebra 

in type HB string theory 

;iV _(o) SO(6,6) X SL(2,R) 

S-T Duality subalgebra 
in type IIA string theory 



o-o-o- 




= RootofSL(6,R)andSO(6,6) 



= Spinor weight of SO(6,6) (•) = exceptional E ^ root 



Figure 4.2. Dynkin diagrams and the Electric subalgebra 




g) ^,5) U Duality Algebra 



SL(8) C Ey 
Electric subalgebra 

root is always responsible for an enhancement of the S-duality group. In the type IIA case this 
group is enhanced from 0(1,1) to SL(2,R) while in the type IIB case it is enhanced from the 
SL(2, R)(7 already existing in 10-dimensions to SL(3, M). Physically this occurs by combining the 
original dilaton field with the compactification radius of the latest compactified dimension. 




4.5.2 String theory interpretation of the sequential embeddings: Type IIA, type 
IIB and M theory chains 

We now turn to a closer analysis of the physical meaning of the embedding chains we have been 
illustrating. 

Let us begin with the chain of eq.(4.5.24)that, as anticipated, is related with the type IIB 
interpretation of supergravity theory. The distinctive feature of this chain of embeddings is the 
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presence of an addend Ai that is already present in 10 dimensions. Indeed this Ai is the Lie 
algebra of the SL(2, i?)^ symmetry of type IIB D=10 superstring. We can name this group the 
U-duality symmetry Uio in D = 10. We can use the chain (4.5.24) to trace it in lower dimensions. 
Thus let us consider the decomposition 

E^+l(r+l) Nr (E)SL{2,R) 

Nr = 0(1,1) (4.5.29) 

Obviously Nr is not contained in the T-duality group 0(r, r) since the NS tensor field i?^^ 
(which mixes with the metric under T-duality) and the i?i?-field B'^^ form a doublet with respect 
SL(2,]R)[/. In fact, SL(2,R),7 and 0(r,r) generate the whole U-duality group Er+i(r+i)- The 
appropriate interpretation of the normaliser of SL(2, R)^ in Fj^+K^r+i) is 

Nr = 0(1, 1) (g) SL(r, M) = GL(r, M) (4.5.30) 

where GL(r, M) is the isometry group of the classical moduli space for the Tr torus: 

0(r) 

The decomposition of the U-duality group appropriate for the type IIB theory is 

Er+i ^ Uio «) GL(r, M) = SL(2, M)c/ «) 0(1, 1) SL(r, R). (4.5.32) 

Note that since GL(r,M) D 0(1, 1)'', this translates into E^+i D SL(2,M)[/ « 0(1, 1)''. (In Type 
II A, the corresponding chain would be E^+i D 0(1,1) 0(r, r) D 0(1,1)*^^^.) Note that 
while SL(2,R) mixes RR and NS states, GL(r, M) does not. Hence we can write the following 
decomposition for the solvable Lie algebra: 

^, /E,+i\ ^, /GL(r,R) SL(2,M)\ /r(r-l)„\ ^ 
dim Solv ( ^) = + 2 + x + y. (4.5.33) 



H 



r+l 



where x = dim X counts the scalars coming from the internal part of the 4-form ^J^p^. of type 
IIB string theory. We have: 

r < 4 
r > 4 



(4.5.34) 



4!(r-4)! 

and 

y = dimY=|^ (4.5.35) 

counts the scalars arising from dualising the two-index tensor fields in r = 6. 
For example, consider the D — 6 case. Here the type IIB decomposition is: 

0(5,5) GL(4,R) ^ SL(2,R) 

^'^'^ ^ 0(5)0 0(5) ^ ^(iT ^ ^'-'-''^ 

whose compact counterpart is given by 0(10) SU(4) (g) SU(2) (g) U{1), corresponding to the 
decomposition: 45 = (15, 1, 1) + (1, 3, 1) + (1, 1, 1) -I- (6, 2, 2) + (1, 1, 2). It follows: 
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where the factors on the right hand side parametrize the internal part of the metric gij^ the 



dilaton and the RR scalar 



{Bij, Bf.) and A+.j.^ respec tively. 



There is a connection between the decomposition (1.5.29) and the corresponding chains in 
M-theory. The type IIB chain is given by eq.(4.5.24), namely by 



E, 



r+l(r+l) 



SL(2,] 



GL(r,] 



while the M theory is given by eq.( 1.5.25| ), namely by 

Er+i ^ 0(l,l)(g)SL(r- 



1, 



(4.5.38) 



(4.5.39) 



coming from the moduli space of yii^^ = j'l'+i^ ggg these decompositions involve the 
classical moduli spaces of and of T'^+^ respectively. Type IIB and M theory decompositions 
become identical if we decompose further SL(r, R) 0(1, 1) x SL(r — 1, R) on the type IIB side 
and SL(r + 1, M) ^ 0(1, 1) (g) SL(2, M) (g) SL(r - 1, M) on the M-theory side. Then we obtain for 
both theories 

Er+i ^ SL(2, M) X 0(1, 1) ® 0(1, 1) ® SL(r - 1, M), (4.5.40) 

and we see that the group SL(2,M)[/ of type IIB is identified with the complex structure of the 
2-torus factor of the total compactification torus T^^^^ T"^ (g) t^-d _ 

Note that according to ( 4.5.28| ) in 8 and 4 dimensions, (r = 2 and 6) in the decomposition 
( 4.5.40| ) there is the following enhancement: 



SL(2,M) X 0(1,1) 

0(1,1) 
SL(5,M) X 0(1,1) 



SL(3,K) (forr = 2,6) 
SL(2,M) (forr = 2) 
SL(6,M) (forr = 6) 



(4.5.41) 
(4.5.42) 



Finally, by looking at fig.( |4.3| ) let us observe that E7(7) admits also a subgroup SL(2,M)7- 
(8)(SO(5, 5)s = E5(5)) where the SL(2,M) factor is a T-duality group, while the factor (S0(5, 5)s 
= E5(5)) is an S-duality group which mixes RR and NS states. 



Figure 4.3. 




By removing this root we obtain the 
embedding E x SL(2,R) E 



4.5.3 The maximal abelian ideals Ar+i C Solvr+i of the solvable Lie algebra 

It is interesting to work out the maximal abelian ideals Ar+i C Solvr+i of the solvable Lie 
algebras generating the scalar manifolds of maximal supergravity in dimension D = 10 — r. The 
maximal abelian ideal of a solvable Lie algebra is defined as the maximal subset of nilpotent 
generators commuting among themselves. 
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We derive Ar+i and we explore its relation with the space of vector fields in one dimen- 
sion above the dimension we each time consider. From such analysis we obtain a filtration of 
the solvable Lie algebra which provides us with a canonical polynomial parametrization of the 
supergravity scalar coset manifold Ur+i/H^+i 

4-5.3.1 The maximal abelian ideal from an algebraic viewpoint 

Algebraically the maximal abelian ideal can be characterized by looking at the decomposition of 
the U~duality algebra F,r+i(r+i) with respect to the U-duality algebra in one dimension above. 
In other words we have to consider the decomposition of Er_|_]^(r^x) with respect to the subalgebra 
Er(r-) (g) 0(1, 1). This decomposition follows a general pattern which is given by the next formula: 

adj Er+i(^+i) = adj Er(r) © adj 0(1, 1) ® (D+ ® D") (4.5.43) 

where is at the same time an irreducible representation of the U-duality algebra E^i-^) in 
D + I dimensions and coincides with the maximal abelian ideal 

D+ = Ar+l C Solv^r+1) (4.5.44) 



of the solvable Lie algebra we are looking for. In cq. (4.5.43) the subspace is just a second 
identical copy of the representation and it is made of negative rather than of positive weights 
of Er(r)- Furthermore 1])+ and ID" correspond to the eigenspaces belonging respectively to the 
eigenvalues ±1 with respect to the adjoint action of the S-duality group 0(1, 1). 

4-5.3.2 The maximal abelian ideal from a physical perspective: the vector fields in one dimension 
above and translational symmetries 

Here, we would like to show that the dimension of the abelian ideal in D dimensions is equal to 
the number of vectors in dimensions D + 1. Denoting the number of compactified dimensions 
by r (in string theory, r — \Q — D), we will label the {/-duality group in D dimensions by 
U_D = Eii_£) ~ Er+i. The T-duality group is 0(r, r), while the ^-duality group is 0(1,1) in 
dimensions higher than four, SL{2, R) in D = 4 (and it is inside 0(8, 8) in D = 3). 
It follows from ( 4.5.45| ) that the total dimension of the abelian ideal is given by 



dim Ad = dimy4,j,+i = diniDj, (4.5.45) 



where Dr is a representation of Ud+i pertaining to the vector fields. According to ( 4.5.43| ) we 
have (for D > 4): 

adj \Jd = adj Ud+1 ® 1 (2, ©^). (4.5.46) 



This is just an immediate consequence of the embedding chain (4.5.21 ) which at the first level of 
iteration yields E^+i E^ x 0(1, 1). For example, under Ey — > Eg x 0(1, 1) we have the branching 
rule: adj Ey = adj Eg -f 1 -I- (2, 27) and the abelian ideal is given by the 27+ representation of 
the Eg(g) group. The 70 scalars of the D = A,N = 8 theory are naturally decomposed as 
70 = 42+1+27+. To see the splitting of the abelian ideal scalars into NS and RR sectors, one has 
to consider the decomposition ofVo+i under the T-duality group Td+i = 0(r — 1, r — 1), namely 



the second iteration of the embedding chain (4.5.21): E^+i 0(1, 1) x 0(r — l,r — 1). Then 



the vector representation of 0(r — 1, r — 1) gives the NS sector, while the spinor representation 
yields the RR sector. The example of Ey considered above is somewhat exceptional, since we 
have 27 (10 + 1 + 16). Here in addition to the expected 10 and 16 of 0(5, 5) we find an extra 
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NS scalar: physically this is due to the fact that in four dimensions the two-index antisymmetric 
tensor field Bf^^ is dual to a scalar, algebraically this generator is associated with the exceptional 
root V2€7. To summarize, the NS and RR sectors are separately invariant under 0(r, r) in 
D — 10 — r dimensions, while the abelian NS and RR sectors are invariant under 0(r — 1, r — 1). 
The standard parametrization of the Vd/Hd and VD+i/i^D+i cosets gives a clear illustration of 
this fact: 

^-(^,r,+„V-+i). (4.5.47) 

Here ru+i stands for the compactification radius, and V,^+^ are the compactified vectors yielding 
the abelian ideal in D dimensions. 
Note that: 

adjHu ~ adiRo+i + adj IrrepU/j+i (4.5.48) 

so it appears that the abelian ideal forms a representation not only of Vd+i but also of the 
compact isotropy subgroup H^i+i of the scalar coset manifold. 

In the above r = 6 example we find adj SU(8) = adj USp(8) 27", =^ 63 = 36 + 27". 

4.5.4 Roots and Weights and the fundamental representation of Eyjy) 

As an explicit illustration of the general ideas so far discussed and in view of its further use in a 
relevant example of gauging, namely that of the N = 8 theory in four dimensions, in this section 
we consider the explicit construction of the weights and roots of i?7(7) and their identification 
with massless scalar fields produced in the toroidal compactification of the type HA superstring. 

We showed above that the 63-dimensional positive part $+(£^7) of the E7 root space can be 
decomposed as follows: 

^+(£7) = ID)+ e D+ ffi D+ ® ]D)+ ® ]D)+ ® P+ (4.5.49) 

where are the maximal abelian ideals of the nested U-duality algebras ... C i?r(r) C 
Er+i{r+i) C ... in dimension D = 10 — r (D+ being the ideal of i?r+i(r+i))- The dimensions of 
these abelian ideals is: 



dimDi = 1 
dimDa = 6 
dimDs = 16 



dim ©2 3 

dimD4 = 10 (4.5.50) 
dim ©6 = 27 



The filtration ( 4.5.49 ) provides a convenient way to enumerate the 63 positive roots which are 
were associated in one-to-one way with the massless bosonic fields of compactified string theory. 
We name the roots as follows: 

= {J:l;:::;dimB. (^.5.51) 

Each positive root can be decomposed along a basis of simple roots ai (i=l,. . . , 7): 

dij = at £ Z (4.5.52) 

The explicit correspondence between the roots and the fields of type IIA supergravity in compact 



directions was derived in ||63| and is given in table 4.3. Each positive root can be decomposed 
along a basis of simple roots ae (i=l,. • . , 7): 

dij = n^ j a£ nl j g Z (4.5.53) 
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Table 4.3. The abelian ideals 1D+ and the roots of £• 



7(7) ■ 



Afipp denote the Ramond-Ramond 



and -Bpp are the metric and the Neveu-Schwarz 



l-form and 3-forms of type IIA supcrgravity, while 
S-field, respectively. The toroidal compact directions have been chosen to be 5, 6, 7, 8, 9, 10. The indices 
/i, v, .. = 0, 1, 2, 3 are instead along the four non compact directions. The Dynkin labels are, by definition, 
the components of the root in a basis of simple roots. 



Typo IIA 
field 



^9,10 
^9 



^8,9 

^8,10 

^8 



-87,8 

-87,9 

-67,10 

^7,9,10 

^7,8,9 



56,7 

56,8 

B6,9 

56,10 

^6,8,9 

^6,7,8 

^6,7,10 

^6,9,10 



-85,6 

-65,7 

Br,, 8 

£5,9 

^5,10 

B^i, 

Af^^e 
Af^i^s 
Af_i^io 

^5,6,8 

^5,6,10 

^5,7,9 

^5,8,9 

^5,9,10 



Root Dynkin 
name labels 



Qi,i {0,0,0,0,0,0,1} 



Q2,l 

a2,3 



{0 
{0 



Q3,l 

as, 3 
03,5 



{0 
{0 
{0 



04,1 

<34,3 

04,5 
04,7 

04,9 



{0 
{0 
{0 
{0 
{0 



Q5,l 
as, 3 
as, 5 
05,7 
05,9 

£15,11 

as, 13 
as, IS 



{0 
{0 

{0 

{0 
{0 
{0 
{0 
{0 



ae.i 

06,3 

ae.s 

06,7 
06,9 
06,11 
06,13 
06,15 
06,17 
06,19 
06,21 
06,23 
06,25 
06,27 



{1 
{1 
{1 
{1 
{1 
{1 
{1 
{1 
{1 
{1 
{1 
{1 
{1 
{1 



1,0} 

1,1} 



1,0} 
1,0} 

1,1} 



1,0} 
1,0} 
1,0} 

1,1} 
1,1} 



1,0} 
1,0} 
1,0} 

1,0} 

1,1} 
1,1} 

2,1} 
2,1} 



1,0} 
1,0} 
1,0} 
1,0} 
1,0} 
3,2} 

1,1} 
1 
1 
2 
2 
2 
2 
2 



1} 
1} 
1} 
1} 
1} 
1} 
1} 



1D3 



Type IIA 
field 



Root 
name 



Dynkin 
labels 



39,10 



02,2 {0,0,0,0,1,0,0} 



9S,9 

58,10 

j4.8,9,10 



03,2 
03,4 
03,6 



{0.0,0, 1 
{0 
{0 



97,8 
97,9 
57,10 
^4-7,8, 10 

Ar 



04,2 
04,4 
04,6 
04,8 

04,10 



{0 
{0 
{0 
{0 
{0 



56,7 

56,8 

56,9 

56,10 

^6,7,9 

A^iip 

^6,8,10 

Ae 



OS, 2 
OS, 4 
OS, 6 
05,8 
05,10 
05,12 
OS, 14 

as, 16 



{0 
{0 
{0 
{0 
{0 
{0 
{0 
{0 



5S,6 
5S,7 

55,8 

5S,9 

5s, 10 
As 

Api/Y 

Af^i,g 

^5,6,7 

^5,6,9 

^5,7,8 

j4.6,7,10 

j4.5,8,10 



06,2 
06,4 
06,6 
06,8 
06,10 
06,12 
06,14 
Ofi.lG 
06,18 
06,20 
06,22 
06,24 
06,26 



{1 
{1 
{1 
{1 
{1 
{1 
{1 
{1 
{1 
{1 
{1 
{1 
{1 



0,0} 
0,0} 

1,1} 



0,0} 
0,0} 
0,0} 

1,1} 

2,1} 



0,0} 
0,0} 
0,0} 
0,0} 

1,1} 
1,1} 

2,1} 
2,1} 



0,0} 
0,0} 
0,0} 
0,0} 
0,0} 
3,1} 
1,1} 
1,1} 
2,1} 
2,1} 
2,1} 
2,1} 
2,1} 



It turns out that as simple roots we can choose: 

Ctl = a6,2 ; Oi2 = ^5,2 ; Q!3 = "4,2 

014, = ^3,2 ; Q!5 = "2,2 ; Q!6 = ^2,1 (4.5.54) 
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Having fixed this basis, each root is intrinsicaUy identified by its Dynkin labels, namely by its 
integer valued components in the basis (4.5.54). The next step for the construction of funda- 
mental representation of Ey^y) embedded in the fundamental SpD(56,M) is the knowledge of the 

corresponding weight vectors W. 

A particularly relevant property of the maximally non-compact real sections of a simple 
complex Lie algebra is that all of its irreducible representations are real. £7(7-) is the maximally 
non compact real section of the complex Lie algebra E7, hence all of its irreducible representations 
r are real. This implies that if an element of the weight lattice W £ is a weight of a given 
irreducible representation W € T then also its negative is a weight of the same representation: 
—W £ T. Indeed changing sign to the weights corresponds to complex conjugation. According to 
standard Lie algebra lore every irreducible representation of a simple Lie algebra G is identified 
by a unique highest weight Wmax- Furthermore all weights can be expressed as integral non- 
negative linear combinations of the simple weights Wg {£ — 1, ...,r — rank(G)). The components 
of components of a weight in this basis are named its Dynkin labels. The simple weights Wi of 
G are the generators of the dual lattice to the root lattice and are defined by the condition: 



2{Wi , a,) _ ^ 

In the simply laced £7(7) case, the previous equation simplifies as follows 



(4.5.55) 



(4.5.56) 



where q,- are the the simple roots. Using eq. (|4.5.54| ), table [4.3| and the Dynkin diagram of £7(7-) 
(see fig.L4) from eq. ( 4.5.56 ) we can easily obtain the explicit expression of the simple weights. 
The Dynkin labels of the highest weight of an irreducible representation F give the Dynkin labels 
of the representation. Therefore the representation is usually denoted by F[ni, n^]. All the 
weights W belonging to the representation F can be described by r integer non-negative numbers 
defined by the following equation: 



W„ 



W 



1=1 



(4.5.57) 



where are the simple roots. According to this standard formalism the fundamental real 



Figure 4.4. £7 Dynkin diagram 



a 



a- 



cx 



a, 



SpD(56, R) representation of £7(7) is F[l, 0, 0, 0, 0, 0, 0] and the expression of its weights in terms 
of is given in table 4.4, the highest weight being W'-^^K 



Er+1 subalgebra chains and their string interpretation 100 



Table 4.4. Weights of the 56 representation of Ef^r): 



Weight 






Weight 




name 


vector 




name 


vector 




{2,3,4,5,3,3, 1} 




W^^> = 


{2,2,2,2,1,1,1} 




{1,2,2,2,1,1,1} 






{1,1,2,2,1,1,1} 


W^^> = 


{1,1,1,2,1,1,1} 






{1,1,1,1,1,1,1} 


W^^> = 


{2,3,3,3,1,2,1} 




W'^^' = 


{2,2,3,3,1,2,1} 




{2,2,2,3,1,2,1} 






{2,2,2,2,1,2,1} 


T T*7- ^ 1 1 "i 


{1,2,2,2,1,2,1} 




^ — 


{1,1,2,2,1,2,1} 




{1,1,1,2,1,2,1} 




' = 


{1,2,2,3,1,2,1} 




{1,2,3,3,1,2,1} 




t7*7-|'1 R"! 

_ 


{1,1,2,3,1,2,1} 


w^"> = 


{2,2,2,2,1,1,0} 




t7*7-('1 S"! 


{1,2,2,2,1,1,0} 




{1,1,2,2,1,1,0} 






{1,1,1,2,1,1,0} 




{1,1,1,1,1,1,0} 




t7*7-|'99'1 

' = 


{1,1,1,1,1,0,0} 


^ — 


{3,4,5,6,3,4,2} 






{2,4,5,6,3,4,2} 




{2,3,5,6,3,4,2} 






{2,3,4,6,3,4,2} 




{2,3,4,5,3,4,2} 




t7*7-('2S'1 


{2,3,4,5,3,3,2} 


— 


{1,1,1,1,0,1,1} 






{1, 2,3,4,2,3, 1} 




{2,2,3,4,2,3, 1} 




' — 


{2,3,3,4,2,3, 1} 


TT*rf'^^'l 

^/j/wj; — 


{2, 3, 4, 4, 2, 3, 1} 




' = 


{2,3.4,5,2,3,1} 




{1, 1, 2, 3, 2, 2, 1} 






{1, 2, 2, 3, 2, 2, 1} 


W'^ = 


{1, 2, 3, 3, 2, 2, 1} 






{1, 2, 3, 4, 2, 2, 1} 


14/(39) ^ 


{2,2,3,4,2,2,1} 






{2,3,3.4,2,2,1} 




{2,3,4,4,2,2,1} 






{2,2,3,3,2,2,1} 




{2,2,2,3,2,2, 1} 




^(44) ^ 


{2,3,3,3,2,2, 1} 




{1,2,3,4,2,3,2} 




^(46) ^ 


{2,2,3,4,2,3,2} 




{2,3,3,4,2,3,2} 




1^(48) ^ 


{2,3,4,4,2,3,2} 




{2,3,4,5,2,3,2} 




#(50) = 


{2,3,4,5,2,4,2} 




{0,0,0,0,0,0,0} 




#(52) ^ 


{1,0,0,0,0,0,0} 


^(53) ^ 


{1,1,0.0,0,0.0} 




#(r.4) ^ 


{1, 1. 1.0,0,0.0} 




(i.i.i.i, (),().()) 




u'-'™" = 


(i, i. i. i,0, i.O} 



I can now explain the specific ordering of the weights I have adopted. 
First of all I have separated the 56 weights in two groups of 28 elements so that the first 
group: 

A(")=m/(") n=l,...,28 (4.5.58) 

contains the weights of the irreducible 28 dimensional representation of the electric subgroup 
SL(8,K) C £7(7). The remaining group of 28 weight vectors are the weights for the transposed 
representation of the same group that I name 28. 

Secondly the 28 weights A have been arranged according to the decomposition with respect 
to the T-duality subalgebra SO (6, 6) C £7(7): the first 16 correspond to R-R vectors and are the 
weights of the spinor representation of SO(6,6) while the last 12 are associated with N-S fields 
and correspond to the weights of the vector representation of S0(6, 6). 
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4-.5.4.1 Matrices of the E'jtj^ algebra in the fundamental representation 

Equipped with the weight vectors we can proceed to the exphcit construction of the fundamental 
repre sent ation of £7(7). The basis vectors are the 56 weights, according to the enumeration of 
table 4.4 and what we look for are 

(i) the 56 x 56 matrices associated with the 7 Cartan generators (i = 1, . . . , 7) 

(ii) the 56 x 56 matrices associated with the 126 step operators -E" 

Both are expressed in this basis by: 

[SpDse ^ (W>(")| i?" |W>(")) (4.5.59) 

Let us begin with the Cartan generators. As a basis of the Cartan subalgebra we use the 
generators H^i defined by the commutators: 

[E"\E~^^] = Hs, (4.5.60) 

In the SpD(56) representation the corresponding matrices are diagonal and of the form: 

|W>(«)) = (W>(f),<3,)(5p, ; (p,g = 1,...,56) (4.5.61) 

Next we construct the matrices associated with the step operators. The first observation is that 
it suffices to consider the positive roots. Since the representation is real the matrix associated 
with the negative of a root is just the transposed of that associated with the root itself: 

E-°' = [E''f ^ (M>(")|£:-" |#(")) = (#(")| (4.5.62) 

The method to obtain the matrices for all the positive roots is that of constructing first the 
56 X 56 matrices for the step operators E"' {£ = 1, ...,7) associated with the simple roots and 
then generating all the others through their commutators. The construction rules for the SpD(56) 
representation of the six operators i?"* {£ ^ 5) are: 

f (W>(")|i?-|W^(™^> = V(".,#<™)+.^. ; -,™=1,...,28 

^ j(|4;.(n+28)|^5.|^(™+28)) ^ -J^<„,,«,_^<„,,,,^,^ ; n,™=l,...,28 ^ 

The six simple roots cSf with £ ^ 5 belong also to the the Dynkin diagram of the electric subgroup 
SL(8,R) (see fig. 4. 2). Thus their shift operators have a block diagonal action on the 28 and 28 
subspace s of th e SpD(56) representation that are irreducible under the electric subgroup. Indeed 
from eq. ( [4.5.631 ) we conclude that: 

the 28 X 28 block A[ag] being defined by the first line of eq.( 4.5.6^ ). 

On the other hand the operator corresponding to the only root of the E7 Dynkin 

diagram that is not also part of the A7 diagram is represented by a matrix whose non-vanishing 
28 X 28 blocks are off-diagonal. We have 
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(4.5.67) 



where both -B[d5] = ^"^[cfs] and Clctc,] = C'^la^] are symmetric 28 x 28 matrices. More explicitly 
the matrix SpD^Q (£'"^) is given by: 

^^(n+28)|^a5 ^ (#(™+28) | _£;55 | ^(n) ^ (4.5.66) 

with 

(VKO)!^;"^ |W>(43)J ^ _i (VF(14)|£;55 |T^(36)J ^ ;l 

(#(15) I ^55 1^(37) J ^ (#-(16)|£;55 |Vt>(35)J = _i 

(#(29)|^55 ||4>(6)J ^ (VK(34)|^55 ^ _1 

(VF(49)| i;'S5 |VF(28)^ = 1 (#(50) I £"35 1^(27) ^) ^ 

(#(55)1^55 |#(22)<) ^ _i (#(56)| £155 |#(21)^ ^ ^ 

In this way we have completed the construction of the operators associated with simple 
roots. For the matrices associated with higher roots we just proceed iteratively in the following 
way. As usual we can organize the roots by their height : 

7 

d^n'^dt -> ht a = ^ (4.5.68) 

£=1 

and for the roots + aj of height ht = 2 we set: 

SpDgg (£"'+".) EE [SpDgg (£"') , SpDgg (£"')] ; ^<3 (4-5.69) 

Next for the roots of ht = 3 that can be written as + /3 where is simple and ht (3 — 2 we 
can write: 

SpDse ^ [SpDge (£"') , SpD^g (i?'^)] (4.5.70) 

Obtained the matrices for the roots of ht = 3 one proceeds in a similar way for those of the next 
height and so on up to exhaustion of all the 63 positive roots. 



4.6 Completing the type IIA versus type IIB algebraic correspondence 



Following the results of Bertolini and Trigiante ]120| we can now make the algebraic embedding 
of type llA and type IIB states in maximal supergravities completely systematic and handy. 

From an algebraic point of view, the Dynkin diagram of £7(7) is constructed by adding to 
the Dq Dynkin diagram, that consists of the simple roots {cii)i^i,,,,fi, the highest weigh t of 



one of the two spinorial representations 32* of S0(12). The crucial observation in [120| is that 
the choice of this chirality is what distinguishes (at the compactified level) type llA from the type 
IIB superstrings. Therefore it is convenient the adopt an explicit realization of the £'7(7) simple 

7(7)" 



roots which is slightly different from that used in eq.(|4.5.27|). Let us name £7(7)+ the algebra 



obtained by attaching d^ to as and £7(7) the algebra obtained by attaching a-, to ag. We can 
say that in _D = 4 the 70 scalars of the A/" = 8 theory parametrize the SoIv{Ejt(j-^'^) coset when 
we compactify type IIA _D = 10 supergravity on a six torus and that they parametrize the 
S'o/t;(E7(7)~) coset when it is the type IIB theory that is compactified on T^. Writing the roots 
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in an orthonormal basis e„ we have: 



«! = El - £2 ; "2 = £2 - £3 ; "3 = £3 - £4 

a4 = £4 - £5 ; as = £5 - £6 ; ae = £5 + £6 



1 , N n/2 

- (£1 + £2 + £3 + £4 + £5 T £6) + — £7 



(4.6.71) 



and the corresponding Dynkin diagrams are displayed in fig. 4.5 Depending on the two intcr- 



E+ o — o — o — o — o — o 

' + 

ay as a4 as a2 ai 



0«7 



O — — o 

as a4 as 



-o — o 

a2 ai 



Figure 4.5. The two reahzations of the £7(7) algebra corresponding to the the type IIA and type IIB 
superstring respectively 

pretations we can give two different SLA descriptions of the scalar manifold which are consistent 
with the geometric characterization of T-duality as described below. 

According to our previous general discussion, the relevant SLA is generated by the non- 
compact Cartan generators, which in the case of maximal supergravities means all of them, and 
the shift operators corresponding to roots with positive restriction on the non-compact Cartan 
generators. For the common NS-NS sector of type IIA and type IIB, a suitable basis of non- 
compact Cartan generators is parametrized by the radii of the torus and by the ten dimensional 
dilaton: 

6 

Ck(IIB) = ^-a,iJ,^+^ + cl>H^^^ 

i=l 
5 

Ck(IIA) = + ^ - + ^ + '^^V^^z 

2=1 

a, = ln(p,+3) (4.6.72) 
where pk (A: = 4, . . . , 9) are the radii of the internal torus in the x*"' directions. In the expressions 
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( 4.6.72| ) the overall coefficient of H^^^ is the four dimensional dilaton: 

-^a, -</)--ln(det(G,,)) (4.6.73) 

i=l 



The non-orthonormal basis in (4.6.72) is deffiied by the decomposition of the U-duality group in 



D dimensions with respect to the U-duality group in D + 1 which I have already illustrated in 



eq.(4.5.21). Explicitly we have 

E,+i(,+i) ^ 0(1, 1), + E,(,) (r = 10 - d) (4.6.74) 

where E^^r) is obtained by deleting the extreme root in the Dynkin diagram of Ei.+i(i.+i) (on 
the branch of ai, a2, ■ ■ ■) and substituting it with the Cartan generator 0(1, 1),^ orthogonal to 
the rest of the Dynkin diagram. These 0(1, 1)^ define the basis in ( 4.6.72| ) and are naturally 
parametrized by —aj-r- 

The remaining NS-NS fields are parameterized by the positive roots of SL(2,R) x S0(6,6). 
According to the definition of the ordering relation among the roots with respect to the orthonor- 
mal basis (H,,.), which determines who contributes to the SLA and who does not, one can find 
different but equivalent SLAs, usually related by some automorphism of the Dq subalgebra. It 
is natural to associate the fields Gij [i ^ j) coming from the metric with the roots ±(ei — ej) 
and the fields Bij coming from the torsion with the roots ±(ei + e^). Indeed in the fundamental 
12-dimensional representation of SO (6, 6) in which the generators have the form: 

(Mas)/ = JyAAf^s - f^EAf^A 

ryAA = diag(+ + + + + + ) 

H,^ = Af,,+6 (4.6.75) 

the shift operators corresponding to the former set of roots have a symmetric 6x6 off-diagonal 
block, while those corresponding to the latter set of roots have an antisymmetric off-diagonal 
block. Using a lexicographic ordering with respect to the bas is {H^.) the roots contributing to 



the SLA and the corresponding scalar fields are listed in table 4.5 4.6. 

As already pointed out, the R-R fields correspond to the shift operators associated with the 
roots that are spinor weights in the 32* of SO (6, 6). These roots are: 

1 \/2 

32+ : a+ = - - (±ei ± £3 ± £3 ± £4 ± eg ± eg) + —£7 

(odd number of "+" signs within brackets) 

1 \/2 
32" : = - 2 ^^^'^ ± £2 ± £3 ± Q ± £5 ± ee) + — e? 

(even number of "+" signs within brackets) (4.6.76) 

Indeed the chirality operator 7 is easily computed in terms of the product of the Cartan generators 
iHei)i=i,...,6 in spinorial representation {{S{Hi,.))i^i^ q): 

{7A,7s} = 27?AE 

S^iHe,) = 7i7i+6, (i,l,...,6) 

7 = 7172 • • - 712 - ^S{H,,)S{H,,) ■ ■ ■ 5(iJ,J (4.6.77) 

and we can easily verify that 7 is positive on the a+ and negative on the a~ . A precise corre- 
spondence between the spinorial roots and scalar fields from type IIA and type IIB theories is 
again given in table 4.5, L^. 



Completing the type IIA versus type IIB algebraic correspondence 



105 



4.6.1 S X T duality made precise 



In sections 4.5.1 and 4.5.2 I have already explained how certain subalgebras sequentially embedded 
in Er+i(r+i) can be interpreted as the subalgebras of strong/weak and target space dualities 
at each step of the sequential toroidal compactification. It still remained to be seen how the 
target space dualities that connect the type IIA to the type IIB theory are algebraically realized. 
Following the set up of Bcrtolini and Trigiante outlined above this can be done in a very neat 
way. 

Their crucial observation is that we can characterize the effect of an S or T-duality on a 
supergravity p-brane solution as the action of an element of the automorphism group Aut(S x T) 
on the SLA that generates the scalar manifold. 

Automorphisms of a semisimple Lie algebra G are isomorphisms of the algebra on itself and 
can be inner if their action can be expressed as a conjugation of the algebra by means of a 
group element generated by the algebra itself, or outer if they do not admit such a representation 



(see for instance [122]) A generic automorphism may be reduced, through the composition with 
a suitable (nilpotent) inner automorphism, to an isometric mapping which leaves the Cartan 
subalgebra stable. Let us focus on the latter kind of transformations, which we denote by ipr- 
It is proved in mathematical textbooks that the restriction of the group {V'r} to the Cartan 
subalgebra is isomorphic to the automorphism group of the root space A. This latter consists 
of the transformations t on the weight lattice that leave the Cartan-Killing matrix invariant 
{rotations). It can also be shown that the inner automorphisms ipr correspond to r.s that belong 
to the Weyl group Weyl{G) while in the case of an outer automorphism ■0,-, the element t can 
be reduced, modulo Weyl transformations, to symmetries of the Dynkin diagram (permutations 
of the simple roots). 

Conversely, given a rotation r acting on the root basis A, one may associate to it an auto- 
morphism Ipr of the whole Lie algebra G whose action on its canonical basis reads as follows: 

a, 13 roots (4.6.78) 
A general "tpr has the form ij^T = V't'W, where w is an automorphism leaving the Cartan subalgebra 



7i C G pointwise fixed. These automorphisms are all inner |122]. 

As an example we can focus on the Z) = 4 case where the S x T duality algebra is G = 
SL(2,R) X SO(6,6), yet it will be clear from our discussion how the argument can be applied 
to higher dimensions and hence to G = 0(1,1) x SO(r,r). For the choice G = SL(2,M) x 
SO (6, 6) the rotation corresponding to an outer automorphism t/'t- can be reduced (modulo Weyl 
transformations) to the only symmetry transformation of the -Dg Dynkin diagram, i.e. 

as ^ OLQ or equivalently eg — > —eg (4.6.79) 



In particular it can be shown [122| that rotations on the root space amounting to a change 
of sign of an odd number of [i — 1,...,6) define outer automorphisms. Since the 
automorphisms preserve algebraic structures, they will map solvable subalgebras into solvable 
subalgebras. Of course we do not expect all the automorphisms of S x T to be automorphisms of 
E7(7) since, for instance, the Dynkin diagram of the latter does not have any symmetry. Indeed it 
is easy to check that outer automorphisms of S0(6, 6) map £7(7)* into £7(7)^ (this follows from 
the fact that changing sign to an odd number of ti maps a* into a^). 

These observation lead to a very neat algebraic characterization of a large radius <-> small 
radius T— duality transformation along a compact direction (fc = 4, . . . , 9). It is simply the 
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action of an outer automorphism TpT- corresponding to 

r: efe_3^-efc-3 (4.6.80) 

Similarly a strong coupling) <-^- weak coupling S— duality is an automorphism tpr such that 

r : £7 ^ -er (4.6.81) 

For example let us consider T-duality transformation along the direction and its effect on 
pg (cTg) and the dilaton starting from type IIB fields. According to the algebraic recipe given 
above we have: 



(*-t) 



(t'q = -0-6 ^ P's = 1/P9 

0' = 0-f76 = 0-ln(p9) (4.6.82) 



where the primed fields are the corresponding type IIA fields and the last equation is the known 
transformation rule for the dilaton under a T-duality along a compact direction (in the units 
a' — I). As far as the other fields are concerned, the action of this automorphism is to map the 
roots ei ± eg into =F ^e- If we extend the rotation r : cq —e^ to the whole Lie algebra using 



this simple recipe (4.6.78) the fields Gig and Big are mapped (modulo proportionality constants 



ci,2 to be fixed) into B-g and G-g respectively: 

GigE^.-ig + BigE^.+eg — GigE^.^(^^^^) + BigE^._.(^_^^) = CiB[gE^.j^(^_^g) + C2G-gi?(:._(_eg) 

(4.6.83) 



The transformation on the R-R fields, applying a similar rationale, can be read off table |4.5|,4.6 



Vector fields It is clearly essential, in discussing the effect of S x T dualities on p-branes to have 
a clear algebraic characterization of their action also on vector fields. The same remark obviously 
applies at the level of gaugings. This is not difficult, since the vector fields are associated with 
weights while the scalars are associated with roots. So given the action on S x T on the root 



lattice we easily lift it to the weight lattice. Let me recall the results of section 4.5.4 where 
the fundamental S'p(56)d representation of £^7(7) has been constructed in the symplectic real 
basis 1^ There the representation was described in terms of 56 weig hts IF(^) (A = 1,...,56), 
whose difference from the highest weight W^^^^) are suitable combinations of the simple roots 
with positive integer coefficients (the first 28 weights correspond to magnetic charges, the last 28 
to electric charges). In the Bertolini and Trigiante's conventions adopted in the present section 
depending on whether we consider £7(7)* (type IIA/IIB) we have two set of weights PF^'^^^. 
These weights provide a suitable basis also for the two representations 28 and 28 in which the 
56 decomposes with respect to SU(8): the 28 is generated by iy(") with a = 1, . . . , 28 and the 
28 by Vl^("+28) = -W^"\ The weights W'-^'^ can be naturally put in correspondence with the 
vector fields obtained from the dimensional reduction of the type IIA or IIB theory respectively. 
Both the first 28 magnetic charges and the last 28 electric charges decompose into a first set of 
16 R-R charges (which contribute to a 32* of S0(6, 6)) and a second set of 12 NS-NS charges. 



Representing these weights (as well as the roots for the scalar fields in table 4.5,4.6) in the 



^ By 5p(56)d we denote the 56 symplectic representation of £7(7) in which the Cartan generators are diagonal. 



Concluding Remarks 107 



basis of (ei)i=i,...,7 the correspondence weights <-> vectors (or roots <-> scalars) become natural 
and consistent with our characterization of S x T duaUty. Indeed, as far as the R-R fields are 
concerned, the natural correspondence is between the inner indices of the dimensionally reduced 
form (which gives rise either to a scalar or to a vector) and the number and positions of the "+" 
signs multiplying the (ei)i=i,...,6 in the corresponding weig ht.0 In tables and |4^,U this 

correspondence has been "nailed" down for a particular S x T-duality gauge (so that the fields 
(weights) of IIB and IIA are related by a T-duality along the compact direction (automorphism 
eg — > —eg)), making it possible to infer the transformation rules of the fields under a generic S x T 
transformation. 



4.7 Concluding Remarks 

The algebraic machinery I have reviewed in this chapter is a powerful tool that has not been fully 
exploited yet. It has proved very useful in understanding the general structure of BPS black 
holes and in pinpointing their microscopic/macroscopic correspondence but its application to the 
general problem of the same microscopic/macroscopic correspondence at the level of gaugings, 
domain walls and other p-brane solutions is just a programme for the future. Nonetheless I 
have no doubt that it is a very fruitful direction to be pursued. In this chapter I have mainly 
focused on the case of maximal supergravities with particular attention to the D = 4 case, but 



as I explained in section 4.3 the Solvable Lie algebra approach exists for all supergravities where 
the scalar manifold is a homogeneous coset G/H. As we know this is the most frequent case and 
applies, in particular, to the A/" = 4 theory in D — 5. Before gauging we just have the graviton 
multiplet that contains one real scalar and n vector, each of which contains 5 scalars. The scalar 
manifold in this case is: 

•^-- = ^^(^'^)- SO('5)l\o(n) 



For 71 = 5 eq.( 4.7.84) describes the submanifold of NS-NS scalars for type IIA supergravity 
compactified on a torus. The remaining 16 scalars are Ramond fields. Consider next the 
case of a DS-brane placed placed at the singular point of a transverse space x C^/F where 
F C SU{2) is a discrete subgroup of SU{2). If F were the identity the £>3-brane would be 
a regular one leading to AdSs x as near horizon geometry. The corresponding near brane 
supergravity is the maximal compact gauging of the A/" = 8 where the gauge algebra is SO (6). 
When F is non trivial the non trivial holonomy of the transverse space reduces the number of 
preserved supercharges from 32 down to 16 and the near brane supergravity is some gauged 
version of the J\f — A theory with a number of vector/tensor multiplets that is: 

n = 5 + # of twisted multiplets (4.7.85) 

It is a challenging problem to obtain a precise relation between such a gauging and the microscopic 
description of the parent Z)3-brane system. It is natural to me to think that the solvable Lie 
algebra machinery described in the previous pages should provide the appropriate tool to bridge 
this gap. This would be particularly rewarding in the case of fractional Z?3-branes where there 
is a non trivial _B-flux at the singular point 

The above discussion is just an explicit example of the many applications of the SLA ma- 
chinery to the microscopic/macroscopic correspondence that can be conceived. The general pro- 
gramme is to exploit the algebraic characterization of S x T dualities in a systematic way. 

^ For example the vector A^ijf^i corresponds to the weight (l/2){.. +i .. +j .. .. +i ..). 
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IIA 


IIB 


a^^„ (IIB/IIA) 


ei-components 
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A9 


p 


Ql,l 


i(-l,-l,-l,-l,-l,=Fl, V2) 


(0,0,0,0,0,0, 1) 




Bs 9 


02,1 
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i(-l,l,-l,l,-l,Tl,V2) 


(0, 1, 1,2, 1, 1, 1) 


^5 8 9 


Ass 


05,11 


i(-l,l,-l,-l,l,Tl,\/2) 


(0, 1, 1, 1, 1, 1, 1) 


As 


As 9 


05,12 


i(-l,l,-l,-l,-l,±l,V2) 


(0, 1, 1, 1,0, 1, 1) 


A57S 


^5 789 


05,13 


i(-l,l,-l,l,l,±l,V2) 


(0, 1, 1,2, 1,2, 1) 


^5 6 8 


^56 89 


05,14 


i(-l,l,l,-l,l,±l,V2) 


(0,1,2,2,1,2,1) 


A567 


^5 6 79 


05,15 


i(-l,l,l,l,-l,±l,V2) 


(0,1,2,3,1,2,1) 


Afj^up 


^5 6 78 


05,16 


i(-l,l,l,l,l,Tl,\/2) 


(0,1,2,3,1,2,1) 



Table 4.5. The correspondence between the positive roots o^ „ of the (7-duahty algebra £7(7) and the 

The notation 



scalar fields parameterizing the moduli space for either IIA or IIB compactifications on T 



,,n for the positive roots was explained in section 4.5.3.2 
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llA 


IIB 


a,l, „ (IIB/IIA) 


C, (*CJlli})t)li('lltS 


o, c:(jiiipcjii('iits 


-84 5 


-B45 




n 1 0"! 


(1, 2, 2, 2, 1, 1, 0) 






CXq 2 


fl —1 0") 
^7 ^7 '-'7 '-'7 ^7 


(1, 0, 0, 0, 0, 0, 0) 




-£^4 6 


Qie 3 


(1,0, 1,0,0,0,0) 


(1,1,2,2,1,1,0) 


6 


G4 6 


tt6,4 


(1,0,-1,0,0,0,0) 

\ 7 7 ? ? ? 7 / 


(1, 1,0,0,0,0,0) 


B4 7 


B4 7 


Q6,5 


(1,0,0,1,0,0,0) 


(1, 1, 1,2, 1, 1,0) 


G47 


G47 


06,6 


(1,0,0,-1,0,0,0) 


(1,1,1,0,0,0,0) 


-B48 


-B48 


06,7 


(1,0,0,0,1,0,0) 


(1,1,1,1,1,1,0) 


G48 


G48 


0:6,8 


(1,0,0,0,-1,0,0) 


(1,1,1,1,0,0,0) 


-B49 


B49 


Q6,9 


(1,0,0,0,0,1,0) 


(1,1,1,1,0,1,0) 


G49 


G49 


ae.io 


(1,0,0,0,0,-1,0) 


(1,1,1,1,1,0,0) 


B^v, 


B^v 


06,11 


(0,0,0,0,0,0,V2) 


(1,2,3,4,2,3,2) 


A^v 9 


A^iy 


06,12 


i(l,l,l,l,l,±l,V2) 


(1,2,3,4,2,3, 1) 


^459 


A45 


06,13 


i(l,l,-l,-l,-l,Tl7V2) 


(1,2,2,2, 1, 1, 1) 


^4 6 9 


Aie 


06,14 


i(l,-l,l,-l,-l,Tl7V2) 


(1,1,2,2,1,1,1) 


^4 7 9 


A47 


06,15 


i(l,-l.-l,l,-l,=Fl7\/2) 


(1, 1, 1,2. 1, 1, 1) 


^4 8 9 


^4 8 


06,16 


i(l,-l,-l,-l,l,Tl7\/2) 


(1,1,1,1,1,1,1) 


A4 


^4 9 


06,17 


i(l,-l,-l,-l,-l,±l,V2) 


(1,1,1,1,0,1,1) 


^4 7 8 


^4789 


06,18 


i(l,-l,-l,l,l,±l,V2) 


(1, 1, 1,2, 1,2, 1) 


^4 6 8 


^46 8 9 


06,19 


i(l,-l,l,-l,l,±l,V2) 


(1,1,2,2,1,2,1) 


^4 6 7 


^46 79 


06,20 


i(l,-l,l,l,-l,±l,V2) 


(1,1,2,3,1,2,1) 


A^i/ s 


^4 6 78 


06,21 


1(1,-1,1,1,1,^17^2) 


(1,1,2.3.2,2,1) 


A4 5 8 


A4 5 8 9 


06,22 


i(l,l,-l,-l,l,±l,V2) 


(1,2,2,2,1,2,1) 


^4 5 7 


A4 5 7 9 


06,23 


i(l,l,-l,l,-l,±l,V2) 


(1,2,2,3,1,2,1) 


Af^t^ (i 


A4 5 7 8 


06,24 


i(l,l,-l,l,l,Tl7\/2) 


(1,2,2,3,2,2,1) 


^4 5 6 


^45 69 


06,25 


i(l,l,l,-l,-l,±l,V2) 


(1,2,3,3,1,2,1) 




^45 6 8 


06,26 


i(l, 1,1,-1, 1,^17^2) 


(1,2,3,3,2,2, 1) 


^pi/8 


^466 7 


06,27 


i(l,l,l,l,-l,Tl,V2) 


(1,2,3,4,2,2, 1) 



Table 4.6. The correspondence between the positive roots o^_„ of the U-duality algebra £7(7)* and 
the scalar fields continued.... 
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IIA 


IIB 


Wt^'"^ {IIB /II A) 




components: IIB /II A 




A^9 




|(- 


1,-1,-1,-1,-1,±1,0) 


A fleers 


j4.^B6789 




i (-1,1, 1,1,1, ±1,0) 




^p46789 




i (1,-1, 1,1,1, ±1,0) 




^;i45789 




i (1,1, -1,1,1, ±1,0) 


^^4568 


j4.;j4B689 




i (1,1, 1,-1,1, ±1,0) 


^^4567 


^^^45679 




i(l,l,l,l,-l,±l,0) 


^^6789 


^^•678 




1 

2 


(-l,-l,l,l,l,Tl,0) 


^m6789 


A/^srs 




1 

2 


(-1,1,-1,1,1,^1,0) 


^m5689 


Af^DGS 




1 

2 


(-1,1,1,-1,1,^1,0) 




j4.^567 




1 
2 


(-l,l,l,l,-l,Tl,0) 




j4.^467 




i(l,-l,l,l,-l,Tl,0) 


^/j4579 


^m457 




i(l,l,-l,l,-l,Tl,0) 






14/ » ' 


i(l,l,l,-l,-l,Tl,0) 


^m4689 


AixAQS 




i(l,-l,l,-l,l,Tl,0) 


^/j4789 


^p478 




i(l,-l,-l,l,l,Tl,0) 


^m4589 


^;i458 


/1 eS 

> 


i(l, 1,-1,-1,1,^1,0) 




-fc>M4 


w(17) 




(-1,0,0,0,0,0,^) 






D 

i>M5 


w(18) 




(0,-1,0,0,0,0,^) 








\ \ 




(().(). -1,0, ().(). ^) 






-Bfj7 






(0,0,0,-1,0,0,^) 




B^s 


Bm8 






(0,0,0,0,-1,0,^) 




Gfj,g 


Gp9 






(0,0,0,0,0,1,^) 






G^4 


14^(23) 




-1,0,0,0,0,0,-^ 




G^5 




14^(24) 




0,-1,0,0,0,0,-^ 




Gfi% 


G^Q 


14/(25) 




0,0,-1,0,0,0,-^ 






G^7 


iy(26) 




0,0,0,-1,0,0,-^ 




Gfi8 


Gp8 






0,0,0,0,-1,0,-^ 






Bm9 




(0,0,0,0,0,1,-^) 





Table 4.7. Correspondence between the weights W^^^^ of the 56 of £7(7)* and the vectors deriving 
from the dimensional reduction of type IIA and type IIB fields. 



Concluding Remarks 111 



TT A 


TTT) 

llr5 


vy^ [IlB/llA) 


components: II B /II A 


^^456789 


^m45678 




-hi 


-1,-1,-1,-1, -1,±1) 










1(-1,1,1,1,1,±1,0) 






11/(31) 




1(1, -1,1, 1,1, ±1,0) 


^m69 








1(1, 1,-1, 1,1,±1,0) 




Af,7 






i(l,l,l,-l,l,±l,0) 


^m89 








i (1,1, 1,1,-1, ±1,0) 


4 .- 


A . - 




1 
■> 


(-1,-1,1,1,1,^1,0) 




^/j4fi9 




1 

2 


(-l,l,-l,l,l,Tl,0) 




^m479 




1 
2 


(-1,1, 1,-1, l,Tl,0) 


^p48 


^^489 




1 
2 


(-1, 1, 1, 1, -l,=Fl,0) 


^p58 






1 
2 


(l,-l,l,l,-l,Tl,0) 


^p68 


^m689 




-i(l,l,-l,l,-l,Tl,0) 


^p78 


^m789 




1,1,-1,-1,^1,0) 




Am579 




-i(l,-l,l,-l,l,Tl,0) 




^m569 




-i(l,-l,-l,l,l,Tl,0) 


^m67 


^m679 




-i(l, 1,-1,-1,1,^1,0) 




Bf_i4 






1,0,0,0,0,0,-^ 






Bfx5 






0,1,0,0,0,0,-^ 




B^6 


B^6 






0,0,1,0,0,0,-^ 




B^7 


-B^7 






0,0,0,1,0,0,-^ 




B^s 








0,0,0,0,1,0,-^ 










( 


3,0,0,0,0,-1,-^ 


) 




Gja4 






(1,0,0,0,0,0,^) 






G^5 






(0,1,0,0,0,0,^) 




GixQ 


G^6 






(0,0,1,0,0,0,^) 




G^7 


G^7 






(0,0,0,1,0,0,^) 




GfiS 


GfiS 






(0,0,0,0,1,0,^) 




Gy^9 


Bij,g 




( 


0,0,0,0,0,-1,^ 


) 



Table 4.8. Correspondence between the weights w''^^^ of the 56 of E7(7)* and the vectors continued. 



Appendix A 



Conventions 



The conventions used in these lecture notes are those used throughout the whole development of 
the rheonomy approach to supergravity, as exposed in the book |^ , and subsequently utilized in 
the original papers on the derivation of coordinate free special geometr y Q , on the Af — 2 
gauging and formulation of the most general Af = 2 lagrangian |53t|. The same conven- 
tions were also used in the whole series of papers dealing with the central charges in extended 
supergravity |5^, |4|], in the series of papers on the AdS/CFT correspondence 

via harmonic analysis on G/H manifolds ^, 10, |l8|, |l^, [Tl|, p^, and in the papers on the 
gauging of maximal supergravities in D 
supersymmetry breaking 



4 and D — 5 |96, |103| or in the papers on partial 



90 1 . In order to have a uniform language and a possibility to 



compare theories with different number of supersymmetries and in different dimensions I have 
made an effort to translate also the results of |101] and the formalism of very special geometry 
Jsq] , [70| , [TI] , 72, ^ to the same set of consistent notations used in the other papers mentioned 
above and adopted in these lecture notes. They are as follows. 



A.l Listing of the conventions 

I list the conventions by items 

A.1.1 Space time signature 

The space-time metric in all dimensions is the mostly minus metric: 



r\ = diag 



(A.1.1) 



D — l times/ 



A. 1.2 Gamma matrix algebra 

The conventions for gamma matrices are always: 

In particular for the D = A theories we have: 



(A.1.2) 



112 
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A. 1.2.1 Gamma matrices properties in D = A 



75 = i!e™np,7"7"7V {75,7"} = 

1 7I =75 7^ = 75 
-1 C^ = -C [C,75]=0 



7l 



and: 



-c 



[c^ Y = C7™" 

(C75)^ = -C75 

(C757m)'^ = -C757„ 
(C757"")^ = C757™ 



Some useful identities: 



^pm^n _ ^pn^m _|_ jpmn 



mn^p _ ^pn^m 



rnpqr 



^mn^pq __ ^mq^np _ ^mp^nq 



_|_ i^^m.q^np _ ^mp^nq _ ^nq^mp _j_ ^np^mq-^ 



-7 



mnpq 



(A.1.3) 



(A.1.4) 



(A.1.5) 

(A.1.6) 



(A.1.7) 

(A.1.8) 
(A.1.9) 



A.1.3 Index conventions 

A. 1.3.1 Space-time indices 

In most instances I use a differential form language so that the curved space^ime indices are not 
mentioned. When they are mentioned they appear as low case Greek letters from the middle of 
the alphabet 

X, HjV, . . . = space-time curved indices = 0, 1, 1 (A. 1.10) 

Large use is instead made of the flat (=tangent) space-time indices that are denoted with low 
case Latin letters form the beginning of the alphabet: 



a,b,c, . . . = flat space-time indices = 0, 1, 2, — 1 



(A.1.11) 



A. 1.3.2 R-symmetry indices 

A convention that has been universally adopted in the whole development of the rheonomy 
approach and hence in all the papers, books and reviews mentioned above concerns the R- 
symmetry indices, namely those labeling the supersymmetry charges and transforming in the 
fundamental of SU(A/') in four dimensions, in the fundamental of USp(A/') in five dimensions and 
so on. For all D.s and for all N.s these indices are denoted as capital Latin letters from the 
beginning of the alphabet: 



A, B,C, D, . . . = R symmetry indices 



(A.1.12) 
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A. 1.3.3 Vector Field indices 



Following my general discussion in section 2.4 on duality transformations and the whole set up 
of supergravity gaugings I stress the importance of having a well separated index convention for 
the enumeration of the vector fields or in general for the p + 1-forms. For this purpose, in every 
dimension D and for all A/'-extended supersymmetries we use the Capital Greek indices: 

A, S, r, A, . . . = indices enumerating vector fields or p + 1-forms (A. 1.13) 

Group-theoretically these indices are assigned to a linear representation D of the isometry group 
of the scalar manifold. In the case oip+ 1-forms that are not self dual the dimension of the linear 
representation D equals the number n oi p + 1-forms, so that the range of the indices A, E, . . . 
exhausts such a dimension. Instead, in the case of self-dual p + 1 forms we have dimD = 2n. 
Here the following convention has been uniformly adopted in all the papers, books and reviews 
quoted above: an object V transforming in D is labeled as follows: 

V=(^V^ ^ ; A,S = l,...,n (A.1.14) 

The upper n indices refer to the electric fields while the lower n indices refer to the magnetic 
duals. 

This general convention consistently implies the conventions adopted for special Kahler ge- 
ometry and very special geometry. Since in both cases the section entering the definition of 
these geometries transforms as the electric field strengths it naturally carries the same Capital 
Greek indices. 

A. 1.4 Notations for special and very special geometry 

As just mentioned we name: 

' A,E-l,...,ny = l + n (A.1.15) 

the holomorphic section of the fiat symplectic bundle governing the definition of special Kahler 
geometry n being the number of vector multiplets. The complex coordinates of the special Kahler 
manifold (= the scalar fields) are denoted and the Latin low case letters from the middle of 
the alphabet are used to denote the world indices on the complex scalar manifold: 

i, j, k, £, . . . = holomorphic world indices on the scalar manifold (A. 1.16) 

i*,j*, k* , i*, . . . ~ antiholomorphic world indices on the scalar manifold (A. 1.17) 



(A.1.18) 



) ; A,S=l,...,ny = l + n (A.1.19) 



Similarly for very special geometry we name 



the real section of the fiat bundle governing this geometry. As explained in the text at the level 
of gauging we need to distinguish those of the vector fields that are true vectors and those that 
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are dualised to massive two-forms. This is done as in eq.( 2.6.9( ), namely 



A = l,...,7i + l = {0^,,M 

I, J, K, . . . , = indices enumerating gauged vectors = 1, . . . , dimQgauge 
A4,Af,, . . . = indices enumerating tensor multiplets = 1, . . . , n-r (A. 1.20) 

A. 1.5 Notations for quaternionic geometry 

The three complex structures closing the quaternionic algebra are labeled with low case Latin 
indices from the almost end of the alphabet: 

x, y, z, . . . = vector indices of SUr(2) - S0r,(3) = 1,2,3 (A.1.21) 

On the other hand low case Greek letters from the beginning of the alphabet are used to denote 
the symplectic indices transforming in the fundamental of Sp{2m, M) where m is the number of 
hypermultiplets: 

a, /?, 7, . . . = Sp{2m, R) indices = 1,2,..., 2m. (A.1.22) 

The low case Latin letters from the very end of the alphabet are instead used to denote world 
indices on the quaternionic manifold: 

u,v,w, . . . = world indices on the quaternionic manifold 1,2,..., 4m (A. 1.23) 

Other conventions are: 

K'^ — HyperKahler forms 

Vl^ — curvatures of the SUr (2) connection 

= triholomorphic moment map of the Killing vector ^ 



(A.1.24) 



A. 1.6 Conventions in differential geometry and General Relativity 



In dealing with forms I use the conventions used throughout all the papers, books and reviews 
mentioned at the beginning of this appendix, namely: 

a The exterior derivative d always acts from the left to the right on differential forms: 

dc^M = d[^, ^^,....,^,+,1 dx^^ A . . . dx^-+^ (A.1.25) 

b The components of a p- form are always written to the left of the differentials (which is important 
in the case of fermionic forms) and they are normalized to strength 1. For instance, for vector 
fields: 

F^, = \ - d^A^) (A.1.26) 

Note the factor i difference with the normalization of F^^, which is customary in most field 
theory textbooks. 
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c In General Relativity the curvature 2~form is defined as 



(A.1.27) 



The Riemann tensor (and consequently the scalar curvature) is defined as the component in 
the vielbein basis of the curvature 2-form (A.1.27): 



R"" = RZ A V 



(A.1.28) 



Note once again the factor i difference (and also the sign) with respect to the traditional 
normalizations of the Riemann tensors used throughout most of the GR textbooks. 
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